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acceptance-rejection method 47, 62–4
generation algorithm 63–4

adaptation to filtration 124
additivity of probabilities 4
affine diffusion 230
affine model of term structure 229–30
affine transformation

of Gaussian variable 31
of Gaussian vector 35
of uniform variable 31

algebra of events 3
almost sure convergence 45
almost uniform distribution 91
American option 149, 182–201

payoff function 190
simulations using Dynamic Programming

Technique 193–201
simulations using Least-Squares Method

183–93
antithetic variables 77–8

European options 171–2
random variables Monte Carlo simulations

87–9
stochastic differential equations

145–6
approximation precision 67
arithmetic mean 39
Asian options 149

on arithmetic mean 201–3
on geometric mean 203–5
pathwise derivative estimates method 209,

212–13
auto-covariance function 110
autocorrelation function 110
average value operator 14

back testing 286
Bank of International Settlement (BIS)

285
barrier options 205–7

Basle Capital Accord
I 285
II 247, 286

Bayes’ rule 5, 6, 7, 25
binary variable 18
binomial random variable 19
bins 68
Black–Scholes formula, derivation

using risk-neutral valuation principle 164–7
under risk-neutralized or equivalent martingale

principle 165–7
Black–Scholes–Merton option pricing model 130,

156–64, 248–9, 258
application to risky debt valuation model

249–53
exact analytical value of European call and put

options 158–60
valuation of contingent claims 156–8
hedging ratios and sensitivity coefficients

160–4
Black–Scholes–Merton partial differential

equation 150, 156, 158
Borel algebra of the real axis 10
Borel events 22
Box–Muller method 55
Brace, Gatarek and Musiela (BGM) model

237–46
HJM model revisited and notations 237–8
LIBOR rate process 238–9
pricing interest rate caps and floors 239–43
swaption pricing 243–6

Brownian bridge 109, 118–19
example 120–2
Fourier transform of 119–20

call option 149
pathwise derivative estimates method 208, 217
price 151–3

caps 239–43
Cauchy criterion 45
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Cauchy distribution 52
central limit theorem 42–4, 54
Chebychev inequality 41, 42, 43, 44
Chebychev polynomial 187
Cholesky decomposition 47, 137, 322

of variance-covariance matrix 57–60
conditional density 25–6
conditional distribution of random vector 24–6
conditional expectation 124, 125
conditional means 124
conditional probabilities 5–6, 24
conditional probability density function 25
confidence interval 42
contingent claims analysis (CCA) 265
continuity in quadratic mean 112
continuous random variables, simulation of 51–6
control variates 79–80

European options with 172–7
random variables Monte Carlo simulations

89–90
stochastic differential equations 143–4

convergence
in probability 45
in quadratic mean 45–6
of sequences of random variables 44–6

correlation coefficient 27
covariance matrix of random vector 75
Cox–Ingersoll–Ross (CIR) general equilibrium

model 227–9, 273
revised 236–7

Cox–Ingersoll–Ross (CIR) interest rate model
177, 179, 181

Cox–Ross-Rubinstein binomial model of option
pricing 150–56

assumption 150–1
extension to N periods 153–6
price of call option 151–3
put option 155

credit risk 284
credit risk VaR 283
cumulative distribution function 10, 22

of random vector 22

default risk, insuring debts against 258–62
lower bound for price of insurance strategy 262
put option and financial guarantee isomorphism

258–60
risky debt 260–1

DELTA 161
pathwise derivative estimates method

Asian option 209
call option 208, 217
European call option 211–12, 212–13

retrieval of volatility method 216–17
density function 13
differentiability in quadratic mean 112–13

Dirac function 13
discrete random variables, generation 48–51

finite discrete random variables 48–50
infinite discrete random variables 50–1

Down-And-In call options 205, 206
Dynamic Programming Technique

American options simulations 193–201
with Stratified States Aggregation 169

eigenvalue decomposition 47
of variance–covariance matrix 60–2

eigenvalues 323–4
eigenvectors 323–4
empirical average 14
equivalent martingale measure (EMM) 27, 164,

271–2
Black–Scholes formula derivation using 165–7

ergodic mean 66
ergodic processes 111
ergodicity 111
Euler discretization schemes 134, 137, 138–42
Euler method 134–5, 137
European option 149

put-call parity 160
European call options 169–82

exact analytical value of 158–60
pathwise derivative estimates method 211–12,

212–13
simulations

with antithetic variables 171–2
with control variates 172–7
simple 169–71
with stochastic interest rate 177–9
with stochastic interest rate and stochastic

volatility 180–2
European put options 169–82

exact analytical value of 158–60
simulations

with antithetic variables 171–2
with control variates 172–7
simple 169–71
with stochastic interest rate 177–9
with stochastic interest rate and stochastic

volatility 180–2
event(s)

algebra of 3
definition 2–3
independent 6–7

experimental average 14
exponential density function 12, 13
exponential law 52–3

Faure sequence 91, 95–7, 102–7
Feynman-Kac formula 123
filtration 124
finite discrete random variables 48–50
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floors 239–43
Fourier transform 29

of Brownian bridge 119–20
of probability density function 19

frequencies 1
fundamental equation 223

GAMMA 162–3
pathwise derivative estimates method

Asian option 209, 212–13
Gamma function 16
Gauss elimination method 322
Gaussian cumulative distribution function 36
Gaussian density function 12
Gaussian distribution 42

simulation 53–6
Gaussian function 15–17
Gaussian normal distribution 12
Gaussian processes 109, 113–14
Gaussian random variable 15–17, 20, 43
Gaussian random vector 30, 35, 36

simulation with MATLAB 62
geometric Brownian motion 130, 201, 205,

259
Girsanov theorem 164–5, 232
Greeks 150, 160

estimation methods for 207–18
likelihood ratio method 210–13
pathwise derivative estimates 207–10
retrieval of volatility method 213–18

Halton sequence 91, 93–4, 102–7
Heath, Jarrow and Morton (HJM) model 229,

230–7
notations 237–8
term structure movements 231–2
two-factor model 235–6
valuation in absence of arbitrage opportunities

and market price of risk 232–4
Hermite polynomial 187
Ho and Lee model 234–5

identity matrix 56
implicit approximation method 135
importance sampling 80–4
increment predictions 124–5
independent events 6–7
independent increment processes 115
infinite discrete random variables,

Poisson distribution 50–1
integrability in quadratic mean 113
Ito process 126, 288
Ito-Taylor expansion 135–7
Ito’s integral 126, 128
Ito’s lemma 126–30, 256

in multi-dimensional case 130

Jacobian
of mapping 34
of transformation 35

joint cumulative distribution function 23
joint density 25
joint probability density function 22, 28

KAPPA 163
knock-in options 205

Laguerre polynomial 187
Latin hypercube sampling 91, 101–2, 102–7
law of large numbers 1, 41–2, 69, 75
law of one price 151, 160
Least-Square Linear Regression Method 169

American option simulations 183–93
Legendre polynomial 187
Leibnitz’s rule 160
Lévy-Doob theorem 125
Levy’s oscillatory property 117
LIBOR rate process 238–9
likelihood ratio techniques 169
linear approximation 322–3
linear equations, solution of system of 320–2

upper triangular matrix 321–2
Lipschitz’s continuity condition 165
liquidity risk 284
log-normal distribution 32
log-normal process 131
low discrepancy sequences (LDS) 91

marginal cumulative distribution function 23
marginal density 25
marginal distribution of random vector 23–4
market price of risk 158
market risk VaR 283, 284
Markov Chain Monte Carlo method (MCMC)

65–6
description of technique 65–6

Markov process 65, 115
martingale property 117–18, 124
mathematical expectation 14
matrix (matrices) 315–20

addition 316
decomposition 322
determinants of 318–20
diagonal 318
eigenvalues 323–4
eigenvectors 323–4
elementary operations on 316
multiplication by a scalar 316
null 315
product of two 316, 317
product of two, element by element 316
properties 317–18
subtraction 316
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matrix (matrices) (continued)
symmetric, positive and definite positive 318
transposition 316
triangular 317–18, 321–2
vectors 317

mean 15, 26–8
mean reversion 224
measurable function 9
Merton model of risky debt valuation 247–58

analysis of debt risk 253–6
relation between firm’s asset volatility and its

equity volatility 256–8
see also Black–Scholes–Merton option pricing

model
Metropolis-Hastings algorithm 66
Milstein discretization schemes 134, 137
Milstein scheme of stochastic differential

equations (SDE) 137, 138–42
Monte Carlo (MC) method 46

basic approach 67–8
quality of simulation results 71–4
valuation of credit insurance portfolios using

271–81
VaR computation by 308–13
weaknesses 91
see also variance reduction techniques

Monte Carlo Markov Chain (MCMC) 47
Moody’s KMV credit risk management model

247, 251

null matrix 315

operational risk VaR 283, 284
option, definition 149
options sensitivity coefficients see Greeks
ordinary differential equations 134–5
Ornstein-Uhlenbeck process 130–1, 224

path-dependent options 149
pathwise derivatives 169
plain vanilla options 169–82
Poisson distribution 12, 17

infinite discrete random variables 50–1
Poisson random variable 17–18, 20–1
polynomial approximation 322–3
portfolio of loan guarantees, valuation 265–71

firms’ and guarantor’s dynamics 266
value of guarantee per unit of debt 269–71
value of loss per unit of debt 267–9

precision 69–71
principal components analysis 283

analytical illustration 298–301
computing VaR of bond portfolio using

305–6
graphical illustration 297–8
illustrative example 301–3

probability
axiomatic definition 2–7
intuitive explanation 1–2

probability axioms 3–5
probability density function 10–13

of log-normal law 32
of random vector 22–3

probability mass function 11, 23
pseudo debt-asset ratio 267
put option 149, 150

and financial guarantee isomorphism
258–60

price of 151

quadratic mean convergence criterion 112
quadratic resampling 75–7

with random variables Monte Carlo
simulations 85–7

Quasi Monte Carlo (QMC) simulations 91–107,
283

computing VaR by 308–13
quasi-debt ratio 251, 254, 269

random experiment 2
random processes

characterization 109–11
continuity 112
differentiability 112–13
ergodicity 111
examples 113–22
integrability 113
stationarity 110–11
statistics 109–10

random variables 9–21
characteristic function 19–21
convergence of sequences 44–6
mean, variance and higher moments 14–19
sum of independent 39–40
transformation of 30–4

random variables generation 84–7
application cases 84–90
as function of the number of simulations

84–7
quality improvement 87–90

with antithetic variables 87–9
with control variates 89–90

simple simulations 85
simulations with quadratic resampling

technique 85–7
random vectors 21–30

characteristic function 29–30
conditional distribution 24–6
cumulative distribution function 22
marginal distribution 23–4
mean, variance and higher moments 26–8
probability density function 22–3
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simulation of 56–62
two-dimensional 57

transformation 34–6
random walk 114–15
Rayleigh random variable 36, 53
realizations of the process 109
relative frequencies 1
relative precision 42
repartition function 23
retrieval of volatility method (RVM) 169,

217
RHO 163
risk management and value at risk (VaR)

283–95
Risk-Metrics 287
risk-neutral measure 152
risk-neutral pricing 150
risk-neutral probabilities 152–3, 165
risk-neutral valuation principle

Black–Scholes formula derivation using
164–7

risk-neutralized concept 150
risk-neutralized martingale 164, 165–7
risk-neutralized principle

Black–Scholes formula derivation using
165–7

risky debt valuation
discrete case with zero-coupon bond 262–3
general case in continuous form 263–4
Merton model 247–58
reduced-form approach 262–4

Runge-Kutta method 135

second order stationary processes 111
sequence of independent and identically

distributed random variables 39
Sharpe ratios 158
shuffling technique 68
sigma-algebra 124
sigma-field 124
simple event 2
Sobol sequences 91, 97–101, 102–7
standard deviation 15
standard normal cumulative distribution function,

approximation of 36–7
stationarity 110–11
statistical average 14
statistical covariance matrix 76, 77
stochastic calculus 124–5
stochastic differential equations (SDE) 126–31,

133–7
with antithetic variables 145–6
with control variables 143–4
Euler scheme 135–7, 138–42
with jumps 132–3, 146–8

Milstein scheme 137, 138–42
sensitivity with respect to confidence interval

140
sensitivity with respect to number of simulated

series 139–41
sensitivity with respect to number of

simulations 141–2
sensitivity with respect to time step 142
simple simulations 143

stress testing 286
strong law of large numbers 41, 70
structural models 248
Student’s t-distribution 73, 74
sure convergence 44–5
swaption, pricing 243–6
system of linear equations 320–2

Taylor series 20, 21
Thales theorem 118
THETA 163

uniform density function 13
uniform random variable generator 48
Up-And-In call options 205, 206

valuation of credit insurance portfolios, using
Monte Carlo simulations 271–81

expected shortfall and credit insurance
valuation 273–4

MATLAB program 275–81
stochastic processes 272–3

value at risk
definition 284–5
linear interpolation/bootstrapping for

intermediate spot rates 307–8
by Monte Carlo and Quasi-Monte Carlo

simulation 308–13
Monte Carlo simulations method 287–8,

288–95
portfolio composed of one domestic stock

and one foreign stock 292–4
simple bank account 288–91

non-parametric approach: historical
simulations 287

using PCA, Monte Carlo and Quasi-Monte
Carlo 303–13

parametric approaches 287–8
quantitative and qualitative criteria 285

Van Der Corput sequence (basic sequence) 91,
92–3

variance 26–8
variance-covariance matrix 30

Cholesky decomposition of 57–60
decomposition 47
Eigenvalue decomposition of 60–2
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variance-covariance matrix (continued)
Gaussian vector 28
random vector 27

variance of random variable 15
variance of sample mean 77
variance reduction techniques, improvement of

75–90
using antithetic variables 77–8
using control variates 79–80
importance sampling 80–4
quadratic resampling 75–7

Vasicek (VAS) model 177, 179, 181
general formulation 221–3
one-factor 224–7
risk neutral approach 224

Vasicek processes 273
vectors 317
VEGA 162

weak law of large numbers 41
Wiener integral 126
Wiener process 109, 116–18, 123, 125
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