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Absolute convergence, 303, 308
condition, 308–309

Absolute cumulative frequency, 41–43
Absolute data, 20–21
Absolute deviation, 61–63
Absolute frequency, 75

denotation, 26
density, inclusion, 86f
obtaining, 84

Acceptance region, 485
determination, 508

Accumulated frequencies, computation, 42
Adjusted goodness-of-fit measure, 529
Adjusted R-squared (adjusted R2), 529
Aggregated risk, behavior simulation, 386
Aitken’s generalized least squares (GLS) estimator, 

579–580
Algorithmic trading strategies, growth, 367
Alpha-levels (α-levels), chi-square distribution, 571
Alpha-percentile (α-percentile), 56

concept, 57–58
obtaining, 58–59
value, 86, 88

Alpha-quantile (α-quantile), 380
denotation, 296

Alpha-stable density functions (α-stable density 
functions), comparison, 287f

Alpha-stable distribution (α-stable distribution), 
8–9, 285–292
assumption, 309
decay, 286–287
second moment, non-existence, 308–309
variance, 311–312

Alpha-stable random variables, parameters, 290
Alternative hypothesis, 482

null hypothesis, contrast, 483f
representation, 506

American call option, 625
American International Group (AIG), stock price, 292
Analysis of variance (ANOVA), 528

component pattern, 528t
AR. See Autoregressive process
ARCH. See Autoregressive conditional heteroske-

dasticity
Area approximation. See Integral

rectangles, usage, 594–595
Arithmetic mean, 56
ARMA. See Autoregressive moving average

Asian currency crisis, 286
Asset returns

cross-sectional collection, 380
heavy tails, 379
joint distribution, 334–335
modeling, log-normal distribution application, 

272–274
Assets

dependence, 342
structures, complexity, 379

duration estimate, 532
portfolio, 346–347

Asymmetric confidence interval, construction, 468–469
Asymmetric density function, 243f
Asymmetry, modeling capability, 8
Atoms, 174
Augmented regression, 535–536
Autocorrelation, 156. See also Negative autocor-

relation; Positive autocorrelation
detection, 577–579
presence, modeling, 579–580

Autoregressive conditional heteroskedasticity 
(ARCH) model, 574–576
generalization, 576

Autoregressive moving average (ARMA) models, 
580–581

Autoregressive of order one, 156
Autoregressive process (AR) of order p, 580
Axiomatic system, 168–170

Bar chart, 78–81
usage, 79

Bayes, Thomas, 371
Bayes’ formula, 9–10
Bayes’ rule, 361, 371–374

application, 372–374
Bell-shaped curve, real-life distribution, 3
Bell-shaped density, 248
Bell-shaped yield, 251
Benchmark, derivation, 504
Berkshire Hathway

pie charts, comparison, 79f
revenues, third quarter (pie chart), 77f
third quarter reports, 76t
third quarter revenues

bar charts, 80f, 81f
pie chart, 78f

Bermuda call option, 625
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636 Index

Bernoulli distributed random variable, mean/vari-
ance, 193

Bernoulli distribution, 192–195
generalization, 195
p parameter, estimation, 425–426
random variables, relationship, 192–193

Bernoulli population, sample mean (histogram), 426f
Bernoulli random variables, 250

distribution, 615–616
Bernoulli samples, examination, 426
Bernoulli trials, link, 196
Bessel function of the third kind, 283

defining, 597–598
Best linear unbiased estimator (BLUE), 445–446
Beta distribution, 247, 269–270

distribution function, 270f
Beta factor, 143
Beta function, 597
Bias, 428–429. See also Sample mean; Sample 

variance; Squared bias
determination, 435
examination, 430

Bias corrected sample variance
efficiency, 444–445
usage, 435

Bias-corrected sample variance, 431
Biased estimator, 429
Binary variables, 12, 549
Binomial coefficient, 196, 615–621

definition, 615
derivation, 615–621
general case, 621
n=3, special case, 616–617
n=4, special case, 617–621
usage, 207–208

Binomial default distribution model, application, 203
Binomial distribution, 7, 195–203

approximation, 449
normal distribution, usage, 251–252

mean, 303
P parameter, confidence interval, 475–479

Binomial interest rate model, binomial distribution 
application, 202–203

Binomial probability distribution, 199
example, 224–226

Binomial stock price model, 182
application, 198–202
Bernoulli distribution, generalization, 195
extension, multinomial distribution (usage), 213
periods, example, 200f

Binomial tree, 200–201
Biometrics, 2
Biometry, 2
Biostatistics, 1–2
Bivariate distribution function, 387
Bivariate normal density function, correlation 

matrix integration, 390
Bivariate normal distributions (2-dimensional 

normal distributions), 348–349, 354–355
joint density function, 350

mean vector, example, 351f
Bivariate regression, 132

model, 568
Bivariate student’s t density function, contour lines, 356f
Bivariate student’s t distribution, density plot, 355f
Bivariate variables, correlation/dependence (rela-

tionship), 122f
Black Monday, 286
Black-Scholes option pricing

formula, 631
model, 8

reliance, 4
BLUE. See Best linear unbiased estimator
Bond default, probability, 264
Bond portfolio, 265

credit risk modeling, Poisson distribution 
application, 218–219

data, 451
defaults, time, 305
observations, 498

Bond spread application, regression data, 557t–559t
Borel-measurability, requirement, 234
Borel-measurable function, 233–234
Borel σ-algebra, 239

construction, 175–176
definition, 176
origins, 234

Box plot, 91–95
counterclockwise movement, 92
display, 93f–95f
generation, procedure, 92–93

Breusch-Pagan-Godfrey test (Lagrangian multiplier 
test), 573

British Pound-USD Exchange Rate, returns (con-
trast), 98f

Broad-based market index, 568

Call options, 625
illustration, 631–632
predetermined price, 625
price dependence, 7
pricing, log-normal distribution (application), 625
value, 184–185

Capital Asset Pricing Model (CAPM), 8
Casualties, number, 217
Ceiling function, 48–49
Center, 46–58

measures, 69–70
examination, 72t

Central Limit Theorem, 250
requirement, 425

Central moment, 309. See also Fourth central moment; 
Second central moment; Third central moment

Central moment of order k, 309
Central tendency, measures, 55
Certain event with respect to P, 178
Characteristic exponent, 286
Characteristic function, 349–350, 598–599
Characteristic line, 142–147

goodness-of-fit measure, 147
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Index	  637

Cheapest to deliver (CTD), 148–149
Chebychev inequalities, 251, 312, 441
Chi-square density function, degrees of function, 255
Chi-square distributed

degrees of freedom, 473
n-k-1 degrees of freedom, 530
random variable, 254

Chi-square distribution, 247, 254–256
asymmetry, 507
degrees of freedom, 256–257
density functions, 255f
statistic, 517

Chi-square statistic, 571
Chi-square test statistic, 124–125
Chow test, 550
Circle, size/area, 76
Class bounds, frequency distributions (determina-

tion), 43f
Class data

quantiles, computation, 88
relative frequency density, 233

Classified data
interaction, 47
IQR, defining, 61
median

determination, 52–53
retrieval, interpolation method (usage), 54f

Class of incident, 53
Clayton, David, 399
Clayton copula, 398–399
Closed under countable unions, 174–175
Closed under uncountable unions, 174–175
Closure under convolution, 357
Closure under linear transformations, 357
Coefficient estimate, standard error, 530
Coefficient of determination (R2), 138–140

correlation coefficient, relationship, 140
definition, 139

Coefficient of partial determination, 563–564
Coefficient of variation, 67–69
Collateralized debt obligations, 305
Column vector, 601, 613

matrix, comparison, 603
usage. See Matrix

Common stock, sale price (example), 531
Common terms, 550
Company value, random variable function, 587f
Complement, 171
Completeness, data class criteria, 33
Complex numbers, 598

graphical representation, 599f
representation, two-dimensional space, 599
set, symbolization, 599

Complex values, random variable assumption, 350
Component random variable, marginal density 

function, 337f
Component returns, standard deviations, 347
Component variable, value set, 120–121
Component vectors. See Linearly dependent com-

ponent vectors

Composite model, 550
Conditional distribution, 113–114
Conditional expectation, 374–376
Conditional frequencies, 116t

distribution, 113
Conditional parameters, 114–117, 374–377
Conditional population variance, 117
Conditional probability, 9–10, 361–365. See also 

Unconditional probabilities
computation, 362–363

illustration, 364–365
determination, 366
expression, 365–366
formula, 363–365
knowledge, 373–374

Conditional relative frequency, 114
Conditional statistics, 114–117
Conditional value-at-risk, 9–10
Conditional variance, 376
Conditioning variable, discrete setting, 375
Confidence interval, 11, 463–466

concept, 548
construction, 474
definition/interpretation, 465–466
obtaining, 473, 478
realizations, 467f

Confidence level, 463–466
definition, 465

Consistency criterion, demonstration, 496, 496f
Consistent test, 494–496

definition, 495
illustration, 496f

Constant derivative, 591
Constant estimator, 429
Constant intercept, 522
Constant risk-free rate, implication, 626
Constant variance, tests, 573–576
Contingency coefficient, 124–126. See also 

Corrected contingency coefficient; Pearson 
contingency coefficient

Continuity criterion, 585f
Continuous distribution function, 592

growth, marginal rate, 235
Continuous function, 583–586

continuity, 592
illustration, 584f

Continuously compounded return, 253
Continuous probability distributions, 7–8, 228

description, 229–230
discrete probability distribution, contrast, 231
extreme events, 277
statistical properties, 247

Continuous random variables, 7, 237–238, 309
covariance, 343
density function, 340
values, assumption, 237–238

Continuous random vector, components, 336
Continuous variable, 32–33
Contour lines, 10, 332–333

example, 334f
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638 Index

Contours, ellipsoids (comparison), 355–356
Convergence characteristics, 436
Convergence in probability, 436–438

expected value, 438
Convolution

concept, 340
integral (h), impact, 340

Copula (copulae), 379–405. See also Gaussian 
copula; Independence; t copula
bivariate distribution function, 388
bounds, 382, 383–384
computation, 390
construction, 380–381
contour lines, 391
density, 382, 383
estimation, usage, 401–405
expression, 386
function, 381–382
increments, 382, 383
invariance, 385–386
plots, 395
properties, 382–386
specifications, 381–382
two dimensions, 387–399
usage, 386–387

Corporate bond issuer, observation unit, 555–556
Corporate bond market, high-yield bond sector, 556
Corporation, default, 194
Corrected contingency coefficient, 125–126
Corrected sample variance, 431

obtaining, 63
Correlated random variables, 341–342
Correlation, 123–124, 345–347

covariance, relationship, 341–347
criticism, 347
measure, insufficiency, 10
role, 129–131
statistical measure, 3

Correlation coefficient, 10, 123, 345
absolute value, 563
coefficient of determination, relationship, 140
denotation, 391
matrix, 346

Correlation matrix
bivariate normal density function, integration, 390
denotation, 385
setting, 399

Countable additivity, 177
Countable sets, distinction, 7
Countable space

mapping, 181–182
random variables, 181–183, 188–189

definition, 182
Coupon rate, 556
Coupon securities, 537
Covariance, 120–123. See also Transformed 

random variables
aspects, 343–345
change, 343–344
computation, 343, 344

continuous case, 342–343
correlation, relationship, 341–347
criticism, 347
discrete case, 342
linear shift invariance, 344
matrix of X, 349
measure, 341–342
scaling, 345
symmetry, 345–346
weighted sum, 348

Covariance matrix, 344–345
aspects, 343–345
correlation structure, 354
obtaining, 456
presentation, 344–345
value, 352–353

Coverage ratio, 556
Cramér-Rao lower bounds, 415, 453–457
Credit migration tables, 369

illustration, 370t
Credit ratings, 18
Credit risk management approach, 305
Credit risk modeling, 194

Poisson distribution, application, 218–219
Critical region, 485
Cross hedging, 148–149
Cross sectional data, time series (relationship), 21
Cumulative distribution function. See Joint cumu-

lative distribution function
example, 189f
usage, 331
values assumption, 56–57

Cumulative frequency distribution, 27, 41–43
evaluation, 30
formal presentation, 30

Cumulative probability distribution function, 230
Cumulative relative frequency

computation, 42
distribution, 51–52

Cyclical terms, randomness, 155

Data. See Absolute data; Rank data
accumulated frequencies, computation, 42
analysis, 17
center/location, 46–58
class centers, usage, 62
collection, process, 17–18
comparison, problem, 68
counting, 22, 24
distribution, kurtosis, 317
graphical representation, 75
information, examination, 18–19
interval scale, 20
levels, 19–21, 67
lower class bound, value selection, 38
measurement, 20
median computation, 69–70
ordered array, usage, 39
points, distance, 67
range, usage, 39–41
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Index	  639

ratio scale, 20
reduction methodologies, 5
requirements, 47
scale, 19–21
scatter plot, 135f
sorting, 22, 24
standardization, 68
transformation, 70
types, 17–21

Data classes, 32–42
frequency density, 84
frequency distribution, determination, 43f
range, obtaining, 59

Data classification
formal procedure, 33–34
procedures, example, 34–41
reasons, 32–33
Sturge’s rule, usage, 37

Data-dependent statistics, 238–239
Data level qualification, 72t
Datasets. See Multimodal dataset; Unimodel dataset

comparability, 24
minimum/maximum, 59
size, 48
symmetry, 84
variation, 67–68

DAX
closing values, plot, 153, 154t
index values, 155f

d-dimensional elliptical random variable, 357
Debt obligations, credit ratings, 18
Decision rule, 481, 483–485
Decomposition, 492f

form, 154–155
Default intensity, 265
Default number, null hypothesis (impact), 498
Default probabilities, 270
Default rate, 265
Degrees of freedom

estimate, computation, 403, 405
indication, 385
parameter, 354
reduction, 259

Delta, 588
Density, Fourier transformation, 599
Density function, 232–237

contour lines, 332
definition, 235
display, 261–262, 486
example, 267f
histogram, comparison, 234f
means, yield, 241f, 242
presentation, 288
requirements, 233–237
stability, 289f
symmetry, 247–248
usage, 238–239

Dependence, 338–341
alternative measures, 405–412
continuous case, 339–341

discrete case, 338–339
measures, 379
structures

detection, 124
determination, 349

zero covariance, concept, 121–122
Dependent components, 338
Dependent variable, 6, 132
Derivative, 233, 587–591

computation, 595–596
construction, 590–591
function, illustration, 588f
gains/losses, 76–77
integral, relationship, 595–596
setting, 450–451

Derivative instruments, valuation, 3–4
Descriptive statistics, 5–6
Determinants, 609–612

computation, 613–614
Deutsche Bank, absolute deviation, 64
Diagnostic statistics, usage, 535
Difference equations

components, 159
usage, 159

Difference quotient, 590–591
Differentiable, term (usage), 591
Differential calculus, usage, 525
Discontinuous function, 583

illustration, 584f
Discrete cumulative distribution, 188
Discrete distributions, list, 223
Discrete law, 187–192
Discrete probability distributions, 187

continuous probability distribution, contrast, 
231

examples, 326–327
usage, 7

Discrete random variables, 230
Discrete random vectors, 326

marginal probability, 334
Discrete uniform distribution, 7, 219–221

independent trials, consideration, 220
mean/variance, 219

Discrete variables, 32–33
Dispersion matrix, 386
Dispersion parameters, 239–244
Distributed random vector, dependence structure, 

385–386
Distribution

Chebychev inequalities, 251
connectivity, 304–305
decays, 288
equality. See Equality of distribution
exponential family, 457–458
mean, definition, 302
skewness statistic, 572
symmetry, objective measurement, 314–315
tails, 3
VaR computation, 299–300
yields, 194–195
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Distribution function, 230–232, 266
definition, 179
example, 267f
mean/variance, 266
parameters, 322–323
value, assumption, 387

Distribution of X, 184
Disturbance terms

linear functional relationship, 134f
randomness, 155

Diversification, strategy, 348
Dividend payments, variable, 21
Dot-com bubble, 286
Dow Jones Global Titans 50 Index (DJGTI), 22, 24

list, 25t–26t
relative frequencies, comparison, 28t

Dow Jones Industrial Average (DJIA)
components

industry subsectors, frequency distribution, 24t
list, 23t

component stocks analysis, 22
relative frequencies, comparison, 28t
stocks

empirical relative cumulative frequency 
distribution, 31t, 32f

share price order, 29t
value

consideration, 416
realizations, 416

Down market beta, 551
Down movement, 198–199, 221

binomial random variable, impact, 303
occurrence, 252

Drawing with replacement, 196
d-tuple, requirements, 382
Dummy variables

design, 549
incorporation, independent variable role, 548–561
trap, 549
usage, 549–550. See also High-yield corporate 

bond spreads; Mutual fund characteristic lines
value, 551

Dummy variables, usage, 12
Duration, 531. See also Empirical duration; 

Regression-based duration
Durbin-Watson critical value table, 579
Durbin-Watson d statistic, 578
Durbin-Watson test, 578

Earnings
logarithm, 556
measures, 556

Earnings before interest, taxes, depreciation and 
amortization (EBITDA), 556

Earnings before interest and taxes (EBIT), 556
Econometrics, 2
Efficient estimator, 443–444
Efficient frontier, 353
Eigenvalue, 608, 612–614

multiplicity, 613

Eigenvector, 612–614
derivation, 612–613

Electronic communication networks (ECNs), 367
Electronic trading, importance, 367
Elementary events/atoms, 174
Elements

combination, 170
marginal distributions, 10

Elliptical class, properties, 357–358
Elliptical distributions, 356–358

closure, guarantees, 357
Empirical cumulative frequency, 27

distribution, 27–32, 402
function, computation, 514–515

Empirical cumulative relative frequency distribu-
tion, 90f, 91f
joint observations, 403f

Empirical duration, 531
data, 533t
estimated regression coefficient, relationship, 532
estimation, 531–536
regression parameters, estimation

multivariate linear regression, usage, 536t
simple linear regression, usage, 534t

Empirical relative cumulative frequency distribu-
tion, 31t, 32f

Empirical returns/theoretical distributions (com-
parison), box plots (usage), 98f

Empirical rule, 67, 250–251
Engineering, risk analysis, 1
Engle, Robert, 2
Equality, denotation, 171
Equality of distribution, two-tailed Kolmogorov-

Smirnov test (usage), 513–516
Equality of means, test, 509–513
Equal means, null hypothesis, 510

rejection, impossibility, 511
Equal tails, 472

probability of errors, creation, 478
Equal tails test

test size partition, 508f
usage. See Normal distribution

Equation system, 602
Equidistance, data class criteria, 33
Equivalent test rule, 497–498
Erlang distributed statistic, 500
Erlang distribution, 247, 269

α quantiles, 478
Erlang random variable, creation, 478
Error correction, 161–163

model, 163
Error probability, asymmetric distribution, 471
Error terms

constant variance, tests, 573–576
distribution, 133
standard deviation, 574
statistical properties, assumption, 570

Error types, 485–490
Estimate

empirical distribution, 432
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Index	  641

population parameter, contrast, 429
Estimators, 415, 420–421. See also Biased estima-

tor; Point estimators
asymptotic properties, 436
basis, statistics (impact), 460
consistency, 438
convergence characteristics, 436–438
denotation, 421
expected value, 441
large-sample properties, 436
properties, 436

assessment, Central Limit Theorem (usage), 436
quality criteria, 428–435
random sample dependence, 421
understanding, 421
usage, 432–433
variance, Cramér-Rao lower bounds, 415

Euler constant, 217
Euro-British pound exchange rate returns, 97
European banks

investment banking revenue ranking, 64t
revenue, sample standard deviation (obtain-

ing), 65
European call option, 625

Black-Scholes option pricing formula, 631
expected value, computation, 627
maximum operator, computation, 627
price, derivation, 626–631
standardized random variable, 628
stock terminal price, 627

EUR-USD exchange rate
daily logarithmic returns, box plot, 93f
QQ plot, contrast, 97f
returns, box plot, 95f

Event-driven hedge fund, 372
Events, 7, 173–176. See also Independent events

correspondence, 390f
defining, 368
marginal probability, 334
no value, 177
origin, determination, 183
probability, 231, 367

obtaining, 389
rectangular shape, 388f

Excess kurtosis, 286–287, 318
Excess return, 142–143
Execution slippage, 367
Execution time, 367–368
Exemplary datasets, usage, 84
Exemplary histograms, 85f
Exercise price, 625
Expected inflation, monthly data, 538t–542t
Expected shortfall, 9–10, 300
Expected tail loss, 376–377
Expected value, interpretation, 303
Exponential data, linear relationship, 141–142
Exponential density function, 263f
Exponential distribution, 8, 262–265

characterization, 262
exponential family, 458

λ parameter
confidence interval, 477–479
one-tailed test, 499–501

λ parameter, MLE (impact), 450–451
Cramér-Rao bound, 455

mean, 262, 304–305
no memory property, 264
parameter space, computation, 500f
Poisson distribution, inverse relationship, 264
skewness, 315
variance, 262, 310–311

Exponential family, 457–461. See also Exponential dis-
tribution; Normal distribution; Poisson distribution

Exponential function, value yield, 271
Exponential functional relationship, linear squares 

regression fit, 141f
Exponential random variable, observation, 450
Extreme events, continuous probability distribu-

tions, 277
Extreme value distribution. See Generalized 

extreme value distribution
Extreme value theory, 278

Factorial, 596–597
operator, usage, 615

Factorization theorem, 460
Fan, Fianqing, 2–3
F-distribution, 247, 260–262

density function, 261f
Feasible portfolios, 353
Federal Reserve, intervention, 209–211
Finance

correlation, 130
exponential distribution application, 265
multivariate linear regression model applica-

tion, 531–543
probability/statistics dependence, 3
regression analysis applications, 142–149

Financial asset returns, modeling, 9
Financial econometrics, 2
Financial quantities, research, 18
Financial returns, 290

modeling, 282
simulation, copula (usage), 386–387

First derivatives, usage, 447–448
First moment, 239, 302–306
Fisher’s F distribution, 247
Fisher’s Law, 537
Fitch Ratings, 369

credit ratings, 18
Foreign exchange (FX) markets, electronic trading 

(importance), 367
Formal derivation, 585–586
Forward price, 161

innovation, 163
Fourier transformation. See Density
Fourth central moment, 318
Franklin Templeton Investment Funds, 12-month 

returns, 34, 35t–36t
ordered array, 37t–38t
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Fréchet distribution, 278, 280
Fréchet lower bound, 383
Fréchet type distribution, application, 281
Fréchet upper bound, 383
Freedman-Diaconis rule, 33–34

application, 39
distribution, fineness, 40

Frequencies
accumulation, 27
formal presentation, 26–27

Frequency density, 82, 84
Frequency distributions, 22–27. See also Empirical 

cumulative frequency
Frequency histogram, 82–88
Frisch, Ragnar, 2
F-statistic, 521

computation, 528
F-test

application. See Lehman U.S. Aggregate Bond Index
inclusion, 530–531
usage, 550

Full rank, 605
Full rank n × n matrix, inverse (definition), 607
Fully pooled data, regression equation (estima-

tion), 560
Function

decrease, absence, 592
features, 583, 596
formal expression, 30
integral, 595
slopes, measurement, 589f

Functional relationship, assumption, 141
Fund returns. classes

centers, 47t
Freedman-Diaconis rule, usage, 40t
Sturge’s rule, usage, 39t

Gamma function, 255, 268–269, 354
density function, 268f
illustration, 598
mean/variance, 269
non-negative values, 597

GARCH. See Generalized autoregressive condi-
tional heteroskedasticity

Gauss, C.F., 247
Gauss copula, specification, 385
Gaussian copula, 383, 385

concretizing, 390
contour lines, 395
d=2 example, 390–393

contour plots, 393f–394f
illustrations, 391f, 392f

d=2 simulation, 399–405
data, fit, 412
degrees of freedom, 401f
example, 409–410
marginal normal distribution functions, 404f–405f
returns, computation, 403, 405
tail dependence, 408–409
usage, 404f

values, generation, 400f
Gaussian distribution, 97, 247
Gaussian random variables, 418
General Electric (GE)

daily return data
consideration, 439
sample means, histogram, 424f
sample variance, histogram, 442f–443f

daily returns
bivariate observations, 402f
empirical cumulative relative frequency 

distribution, joint observations, 403f
generated returns, 405f–406f
non-normal distribution, Central Limit 

Theorem (impact), 511
daily stock returns, 418, 468, 509

distribution, 423
mean parameter, confidence interval, 468

data
simulation, estimated copulae (usage), 401–405
Spearman’s rho, 410–412
tail dependence, 410–412

marginal normal distribution functions, gener-
ated values, 404f

marginal student’s t distribution functions, 
generated values, 404f

monthly returns, 131t
return data

observation, 441
sample mean, 434f

returns
conditional frequency data, 120
conditional sample variances, 117
examination, 510–511
usage, 126

sample means, historgrams (comparison), 440f
stock price

observations, 419t
variable, 168–169

stock returns, 434
conditional sample means, 118t
indifference table, 127t
marginal relative frequencies, 115t

General Electric (GE) daily returns, 317f
kurtosis, 318–319
left tails, comparison, 320f
modeling, 319f
skewness, 315–316

Generalized autoregressive conditional heteroske-
dasticity (GARCH) model, 574–576

Generalized central limit theorem, 290
application, 425

Generalized extreme value (GEV)
density function, 279f
distribution, 277–281, 286

function, 279
Generalized Pareto distribution, 8–9, 281–283

function, parameter values, 280f, 282f
General multivariate normal distribution, density 

function, 349–350
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Glejser test, 573
Global minimum-variance portfolio, 353f
Global minimum-variance portfolio (global MVP)

denotation, 353
GLS. See Aitken’s generalized least squares
Goldfeld-Quandt test, 573
Goodness-of-fit denotation. See Regression
Goodness-of-fit measures, 6, 138–140. See also 

Adjusted goodness-of-fit measure
coefficient of determination, relationship, 527
improvement, 530
usage, 147, 521–522

Granger, Clive, 2
Growth, marginal rate, 232–235
Gumbel, Emil Julius, 398
Gumbel copula, 398–399
Gumbel distribution, 278

distribution function, 278, 280

Half-open intervals, 327
Hazard rate, 265
Heavy-tailed distribution, 572
Heavy tails, 357–358

modeling capability, 8
presence, 379

Hedge funds, 372
data, 372–373

Hedge ratio, refinement, 148
Hedging. See Cross hedging

instrument
shorting amount, 147
usage, decision, 147

regression analysis, application, 147–149
Heteroscedastic error term, 570
Heteroskedasticity

advanced modeling, 574–576
modeling, 573–576

Higher dimensional random variables, 326–327
continuous case, 327
discrete case, 326–327

Higher order, moments. See Moments of higher order
High-yield bond, 555–556
High-yield corporate bond spreads

prediction, 555–561
regression results, 561t

credit rating classification, dummy variable 
(usage), 561t

time, dummy variables (usage), 562t
Histogram. See Exemplary histograms; Frequency 

histogram
absolute frequency density, inclusion, 86f
density function, comparison, 234f
skew, 572

Homoskedastic error term, 570
Homoskedasticity, 573–576
Hypergeometric distribution, 7, 204–211

application, 209–211
approximation, Poisson distribution (usage), 218
random variable, 208–209
representation, 417

Hyperplane, 524. See also Regression; Vector 
hyperplane

Hypothesis (hypotheses), 482–485
setup, 482–483
test

alternative use, 484
size, 486–488

testing, 11, 480
examples, 496–518

IBM
daily returns

bivariate observations, 402f
empirical cumulative relative frequency 

distribution, joint observations, 403f
generated returns, 405f–406f
non-normal distribution, Central Limit 

Theorem (impact), 511
data

simulation, estimated copulae (usage), 401–405
Spearman’s rho, 410–412
tail dependence, 410–412

marginal normal distribution functions, gener-
ated values, 404f

marginal student’s t distribution functions, 
generated values, 404f

returns, examination, 510–511
stock return, 509–510

Identically distributed Bernoulli random variables, 
615–616

Identity matrix, 608
Imaginary number, 349–350, 598
Imaginary signs, matrix (setup), 610–612
Incident class, 53
Independence, 117–120

assumption, 196
copula, 384

obtaining, 398–399
definition, 119
discussion, 10
formal definition, 338

Independent components, 338
Independent distributed random variables, 616
Independent drawings, n-fold repetition space, 417
Independent events, 365–366

probability, multiplicative rule, 368–369
Independent random variable, distribution, 406
Independent standard exponential random vari-

ables, summation, 478
Independent variable, 6, 132

calculation, 551
covariance, 121
determination, 562
role, 548–561
significance, testing, 529–530
space formation, 524
usage, excess, 529

Indicator function, 237, 374, 586–587
expression, 587
usage, 238–239
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Indifference table, 126
Inductive statistics, 10–11
Industry Classification Benchmark (ICB), usage, 22
Inferences, 416. See also Statistical inference

making, 4
Infinitum (lowest bound), 296
Inflation

monthly data. See Expected inflation
rate, information (availability), 537

Influence, concept, 119
Information matrix, 454

inverse, 456
Inner product

computation, 606
definition, 606

Insurance premiums earned, 77
Integral, 592–596

area approximation, 594f
computation, 628–629
derivative, relationship, 595–596
left-point rule, 595
limiting area role, 594–595
right-point rule, 595

Inter-arrival times, 478–479
distribution, 264, 269, 304–305
observation, 500–501

Interest
independent variable, 549
random variable, 214

Interest rate
changes, 203
index, independent variable, 532

Intermediate statistics, computation, 511
Interpolation method, usage, 54
Interquartile range (IQR), 34, 60–61

computation, 92–93
data representation, 91–92
defining, 61

Intersection operator, usage, 171
Interval scale, 20
Invariance. See Strictly monotonically increasing 

transformations
Investment banking revenue

data, standardized values, 69t
ranking, 68t

Investment-grade bonds, consideration, 369
IQR. See Interquartile range
Irregular term, 155–156

coefficient, 158
Isolines, 332

Jarque-Bera test statistic, 571–572
Joint behavior, knowledge, 329
Joint cumulative distribution function, 328–329
Joint density function, 332, 339–340

expression, 340
Joint distribution

copula, 406
function, display, 380–381
governance, 409

marginal distribution, comparison, 335–336
reduction, absence, 382

Joint frequencies
average squared deviations, measurement, 125
payoff table, 122t

Jointly normally distributed random variables, tail 
dependence (absence), 409

Joint probability, 366–367
Joint probability density function, 330

contour lines, 333
Joint probability distributions, 9, 325, 328–338

continuous case, 330–332
discrete case, 328–329
understanding, importance, 329

Joint random behavior, measures, 325
Joint randomness (measure), correlation/covari-

ance (criticism), 347
j-th independent variable, 547
Junk bond, 556

k components, pairwise combinations, 346
k-dimensional elements, 327
k-dimensional generalization, 340
k-dimensional random variable, 354
k-dimensional random vector, 327

covariances, 346
density function, 355–356

k-dimensional real numbers, general set, 421
k-dimensional volume, generation, 330
Kendall’s tau, 407
K events, Bayes’ rule, 372
k independent variables

regression coefficients, 522
test, 529–530

Kolmogorov, Andrei N., 168–169
Kolmogorov-Smirnov (KS) statistic, 515
Kolmogorov-Smirnov (KS) test

application, 11
usage. See Two-tailed Kolmogorov-Smirnov test

k-th moment, 307
k-tuple, 326

representation, 330
Kurtosis, 317–318, 572. See also General Electric

excess, 286–287, 318

Lag, size, 428
Lagged correlation, 577
Lagrangian multiplier test, 573
Lambda (λ) parameter, 427–428, 448–450

one-tailed test, 499–501
test, 496–499

Large capitalization mutual funds, characteristic 
line estimation (data), 144t–146t

Large capitalization stock funds, 143, 147
Large sample criteria, 10, 435–446

consistency, 436–438
Law of Large Numbers, 426, 437
Least squares

provision, 136
regression fit, exponential relationship values, 142t
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Index	  645

result, 138f
Left-continuous empirical distribution, 514–515
Left-point rule, 595
Left-skewed data, indication, 66
Left skewed indication, 244
Left-skewed returns, 316
Left tails, comparison, 301f
Lehman U.S. Aggregate Bond Index

asset duration estimate, 532, 534
F-test, application, 536
regression, analysis, 535–536

Leptokurtic distribution, 318
Light-tailed distribution, 572
Likelihood functions, 446–447

computation, 517
obtaining, 448, 450

Likelihood ratio, 516
random sample dependence, 516
test, 11, 516–518

Limiting distribution, 425
Limiting normal distribution, 427–428

Poisson population, contrast, 427f
Limit probability, 235
Linear estimators, 424–425

lags, inclusion, 428
Linear functional relationship, 134f
Linearity, tests, 568–569
Linearly dependent component vectors, 613
Linear regression, 6. See also Simple linear regression

creation, 569
Linear transformation

measures, 69–71
sensitivity, 72t

Linear unbiased estimators, 445–446, 570
Location, 46–58

measures, 45, 59, 69–70
examination, 72t

Location parameters, 9, 249, 295. See also Right-
skewed distribution
mode, relationship, 301

Location-scale invariance property, 249
Location-scale invariant, 149
Logarithmic return

normal distribution, 252–254
probability, 231
usage, 254

Log-likelihood function, 446–447
computation, 448, 450
first derivatives

obtaining, 452
usage, 447–448

obtaining, 451–452
setup, 447

Log-normal distribution, 8–9, 247, 271–274
application. See Call options
asymmetry, 314
closure, 272
density function, 273f
impact, 629
second moment, 308

Lognormal distribution, density function, 272f
Log-normally distributed random variable, 305
Log-normal mean, presentation, 305–306
Log-normal random variable, mean/variance, 271
Long-term corporate bond, risk manager hedge 

position, 147–148
Long-term interest rates, short-term interest rates 

(correlation), 148
Look-up reference, 611
Lower limit, 590

defining, 92
Lower quartile, 296–297
Lower tail dependence, 407–408

coefficient, 409–410
expression, 408
measure, 408

λ parameter, estimation, 427–428

MA. See Moving average
Marginal density function, 336–337

concept, illustration, 337
denotation, 417
integration, 338
value, 336

Marginal distributions, 10, 333–338. See also 
Elements
continuous case, 336–338
discrete case, 334–336
function, 399
heavy tails, 357–358
joint distribution, comparison, 335–336
values, 339, 382

Marginal increment, 590
limit analysis, 590–591

Marginal probabilities, 362
Marginal probability distribution, 333

obtaining, 335
Marginal rate of growth, 232–235
Marginal variances, weighted sum, 348
Market capitalization, 19
Market environments, mutual fund characteristic 

lines (testing), 551–555
Market excess return, 143
Markowitz portfolio selection, 353

theory, 8
Matrix (matrices), 601–602. See also Square 

matrix
algebra, usage, 525
determinant, 609
determination, 609–612
direction (3 × 3 matrix), column vectors (usage), 604
display, 602
examination, 603–614
extension, 603
full rank n × n matrix, inverse (definition), 607
inverse, 608

algebraic derivation, avoidance, 608
multiplication, 602–603

feasibility, 603
n × n matrix
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Matrix (Cont.)
component vectors, 606
determinant, computation, 609

operations/concepts, fundamentals, 601
reduction, 611–612
sizing, 607–608
2 × 2 matrices, determinants, 609

Matrix notation
analogue, 523–524
usage. See Minimization problem

Maximum likelihood estimate, 448
determination, 452

Maximum likelihood estimator (MLE), 446–457
examples, 448–453
illustration, 449
reference, 448
sample size, 455

Maximum operator, computation, 627
Mean absolute deviation (MAD), 61–63

analysis, 70–71
computation, 62
contrast, 66
definition, 61–62
standard deviation, comparison, 65

Mean (µ), 46–48, 189–191. See also Weighted mean
computation, original data (usage), 48
defining. See Sample mean
estimator, 421–423
example, 306f
expected value interpretation, 303
first moment, 302–306
interpretation, 48–49

Mean parameter, confidence interval, 476–477
Mean squared of errors (MSE), 528
Mean-square error (MSE), 432–433

MSE-minimal estimators, unavailability, 433
square root, 567

Mean squares of regression (MSR), 528
Mean-variance portfolio optimization, 353
Measurable function, 237–238

definition, 180
relationship, 181f

Measurable space, 176–177
definition, 176
formation, 230

Measurement level, 19
Measures, summary, 71–72
Median, 48–54

ambiguity, avoidance, 57
calculation, 51
determination, linear interpolation (usage), 53
example, 306f
feature, 49
percentiles, 58

Minimization problem, matrix notation (usage), 
524–525

Minimum-variance estimator, discovery, 433
Minimum variance linear unbiased estimator 

(MVLUE), 445–446
Minimum variance portfolio (MVP), 353

Minimum-variance unbiased estimator, 433
Mode (M), 54–55, 301–302

class, determination, 55
distribution shape, 317
example, 306f

Moment of order k, 307
Moments of higher order, 240–244, 307–309
Monotonically increasing function, 383, 592

illustration, 593f
Monotonically increasing value, 230
Monotonic function, 591–592
Monthly return data, usage, 140
Moody’s Investors Service, 369

credit ratings, 18
Moving average (MA). See Autoregressive moving 

average
method, 158

Moving average (MA) process of order q, 580
MSE. See Mean squared of errors; Mean-square error
MSR. See Mean squares of regression
Multicollinearity. See Near multicollinearity

indicators, 547
mathematical statement, 546
problem, 545–548
procedures, mitigation, 547–548

Multimodal dataset, 55
Multinomial coefficient, 214–215, 615, 622–623
Multinomial distribution, 7, 211–216
Multinomial random variable, probability distri-

bution, 212
Multinomial stock price model, 213–216

discrete uniform distribution application, 220–221
example, 216f

Multiple events, total probability (law), 371
Multiplicative return (R), 252–253
Multiplicative rule. See Probability
Multiplicity, 613
Multivariate distribution function, expression, 381
Multivariate distributions, 6, 325, 328

application, 350–353
introduction, 384
selection, 347–358

Multivariate linear distribution, 12–13
models, building process, 12

Multivariate linear regression
analysis, estimates/diagnostics, 521
usage, 536t

Multivariate linear regression model, 522–523
assumptions, 523

testing, 567
construction, 545

techniques, 561–565
dependent variable, impact, 531–532
design, 526, 545
diagnosis, 526
diagnostic check, 526–531
error term, 567
fitting/estimating, 526
independent variables, consideration, 546
parameters, estimation, 523–525
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Index	  647

significance, 526–531
testing, 527–529

specification, 526
standard stepwise regression model, 564–565
steps, 526
stepwise exclusion method, 564
stepwise inclusion method, 562–564

Multivariate normal distribution, 347–353
characteristic function, 350
properties, 348–349

Multivariate normally distributed random vector, 399
Multivariate normal random vector, 349
Multivariate probability density function, 330
Multivariate probability distributions, 9
Multivariate random return vector, density function, 

333
Multivariate t distributions, 354–356
Municipal bond futures, availability, 148
Mutual exclusiveness, data class criteria, 33
Mutual fund characteristic lines

estimation data, dummy variable (usage), 552t–554t
regression results, dummy variable (usage), 555t

Mutual fund characteristic lines, testing, 551–555
Mutually exclusive events, 368–369
MVLUE. See Minimum variance linear unbiased 

estimator

Natural logarithm, usage, 451–452, 497, 583
Near multicollinearity, 546
Negative autocorrelation, 577
Negatively correlated random variables, 346
Nested models, 516
Neutrality property, 607–608
New York Stock Exchange (NYSE) stocks, catego-

rization, 18
Neyman-Pearson test, 499
NIG distribution

normal distribution, contrast, 320f
scaling property, 285

NIG random variables, 283, 285
scaling, 285
skewness, 316

NIG tails, 318–319
No default probability, 265
No memory property, 264
Nominally scaled data, 19
Non-decreasing function, 172–173

hypothesis, 173f
Nonemptyness, data class criteria, 33
Noninvestment grade bond (junk bond), 556
Nonlinear regression, 569
Non-linear relationship, linear regression, 140–142
Non-negative integer

usage, 207
value, assumption, 217

Non-negative probability, 178
Non-negative real numbers, 254
Non-negative values

assumption, 261
gamma function, 597

Non-redundant choices, usage, 208
Non-redundant options, usage, 206–207
Non-redundant outcomes, 205
Non-redundant samples, 212
Non-speculative-grade rating, unconditional prob-

ability, 371
Normal distribution, 3, 247–254

assumption, 291
exponential family, 459
finance usage, 8
mean, 305–306
NIG distribution, contrast, 320f
normal inverse Gaussian distribution, contrast, 285
parameter components, MLE, 451–453
parameter µ

equal tails test, usage, 506–508
one-tailed test, usage, 501–503
two-tailed test, usage, 505–506

parameters
confidence intervals, 475t
MLE, Cramér-Rao bounds, 456–457

properties, 248–251
skewness, 315
t distribution, difference, 410
usage, 251–252
variance (σ2), 311–312

one-tailed test, usage, 503–505
Normal inverse Gaussian density function, param-

eter values, 284f
Normal inverse Gaussian distribution, 8–9, 

283–285
function

normal distribution, contrast, 285
parameter values, 284f

Normalized sums, asymptotic properties, 436
Normally distributed data, sample mean (consis-

tency), 438–440
Normally distributed random variables, tail depen-

dence, 411f
Normally distributed stock return, 456
Normal random variable

mean, confidence interval, 466–469
unknown variance, 469–475

variance, confidence interval, 471–473
Null hypothesis, 482. See also Equal means; True 

null hypothesis
acceptance, 494
accounting, 497
alternative hypothesis, contrast, 483f
autocorrelation, relationship, 579
avoidance, 488
formulation, 509–510
probability, value, 501–502
rejection, 485, 505–506, 508

impossibility, 501, 512
probability, 492, 495f, 500f
test statistic, impact, 510

n × n matrix. See Matrix

Observation pairs, scatter plot, 137, 138f

htt
p:/

/w
ww.pb

oo
ks

ho
p.c

om



648 Index

Observed values, frequency, 32–33
Off-diagonal cells, zero level, 445
Ogive diagrams, 89–91
One-day stock price return, 306f, 311, 313

distribution, bounds, 314f
rule of thumb, 313f

One-dimensional probability distributions, 9
One-tailed test, 483. See also Exponential distribution

usage. See Normal distribution
Open classes, 33
Open intervals, 327
Optimality, determination, 135
Ordered array, length equality, 96
Ordinally scaled data, 19
Ordinary least squares (OLS), 135–136

method, usage, 577–578
regression method, 524–525
usage, 141–142, 574

Outcomes, 7, 173–176
influence, 250
likelihood, null hypothesis (impact), 497
occurrence, 231
probability, 210–211, 231
realization, 196

Outliers, 92
Over-the-counter (OTC) business, data inacces-

sibility, 18

Pairwise disjoint, 171, 177
Parallelepiped (three-dimensional space), 609
Parameters

components, MLE, 451–453
definition, 45
estimation, 257
invariance, 466
statistics, contrast, 45–46

Parameters of location. See Location parameters
Parameters of scale. See Scale parameter
Parameter space, 416

computation, 500f
interval, selection, 464
probability computation, 502f

Parameter values
benchmark, 505f
normal density function, 248f
normal distribution function, 249f

Parametric distributions, 239
Pareto distribution, 281

β/ξ parameters, 282
density function characterization, 281–282

Pareto tails, 286–287
Park test, 573
Partial determination, coefficient. See Coefficient 

of partial determination
Partial integration method, 305
Path-dependence, 202
Payoff table, 122t
Pearson contingency coefficient, 125
Pearson skewness, 244

definition, 65–66

Percentage returns, empirical distribution, 49t, 51t
Percentage stock price returns, empirical distribu-

tion, 50f
even number companies, 52f

Percentile, 56, 296
Performance measure estimates, results (estimation), 147
Pie charts, 75–78
Platykurtic distribution, 318
P-null sets, 232
Point estimators, 415
Poisson distributed random variable, 307
Poisson distribution, 7, 216–219

delta parameter, 217
exponential distribution, inverse relationship, 264
exponential family, 458
λ parameter

estimation, 427–428
MLE, 448–450
sufficient statistic, 461
test, 496–499

mean, 304
parameter, 304, 310
probability, insertion, 497–498
second moment, 307–308
variance, 310

Poisson parameter, MLE (illustration), 449
Poisson population, limiting normal distribution 

(contrast), 427f
Poisson probability distribution, 227
Poisson random variable

mean/variance, 217
modeling, 499

Population
alpha-percentile, 56–59
mean, 114

knowledge, 431
multivariate linear regression model, 522
standard deviation, definition, 64

Population parameter
estimate, contrast, 429
generation, n-dimensional sample (usage), 419–420
information, 416
statistic, contrast, 419–420

Population variance
computation, 431–432
definition, 63
estimator replacement, 430–431
examination, 71
unbiased estimator, obtaining, 431

Portfolio
assets, currency denomination, 346–347
diversification, 408
return, 343–344

computation, 352
mean/variance, 352

selection, multivariate distribution application, 
350–353

theory, risk measure (role), 241
value, representation, 351–352

Positive autocorrelation, 577
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Positive semidefinite matrices, 614
Positive-semidefinite matrices, 444–445, 454
Power law, 286–287
Power of a test, 490–493

definition, 491
probability line, 491f

Power set, example, 174t
Power tails, 287–288
p parameter, estimation, 425–426
Price/earnings (P/E) ratio, 364–365

list, 364t
Price process

efficiency, 160
time series application, 159–163

Probabilistic dependence, 10
Probability

alternative approaches, historical development, 
167–170

computation, 197–198
density function, usage, 238–239

concept, problem, 170
congruency, 201–202
convergence, 436–438
determination, 196, 373
double summation, 342–343
expression, 408
law, 184, 187
mass, 241–242
models, 4
multiplicative rule, 366–371

application, 368
illustration, 367–368

plot, 96
relative frequencies, 167–168
statistics, contrast, 4–5
studying, 4–5
theory, 7–10

concepts, 167
university course, offering, 2–3

Probability density
function, 233
understanding, 592

Probability distributions, 7, 187, 194
continuousness, 330
moments, 9
obtaining, 203
values, 198

Probability measure, 177–179
continuous distribution function, 232
definition, 177
density function, 233–234

Probability of error, 486
creation, 478

Probability space, 178
random variable, definition, 375–376

Probability-weighted values, sum, 239
Procter & Gamble (P&G)

par value, 148–149
trading day, yield/yield change, 150t–152t

Psychometrics, 2

p-value, 11, 489–490
illustration, 490f
reduction, 571

Pyrrho’s lemma, 562

Quadratic forms, 614
Qualitative data, 18

usage, 22
Quality criteria, 428–431, 490–496
Quality grades, consideration, 19
Quantile-quantile plot (QQ plot), 96–99
Quantiles, 56–58, 296–301. See also 0.25 quantile; 

0.75 quantile
one-to-one relationship, 632

Quantitative variable, 19
Quartiles, 58

computation, 297–298
example, 306f

Queue theory, 1

Radius, attributed meaning, 75–76
Randomness, inheritance, 259
Random return vector, 337

joint probability density function, contour lines, 334f
probability density function, 333f

Random sample, joint probability distribution, 446
Random shock, 160
Random variables, 179–185. See also Continuous ran-

dom variables; Higher dimensional random variables
Bernoulli distribution, relationship, 192–193
boundary k, 503–504
company value function, 587f
consideration, 384
correlation coefficient, 345
countable space, 181–183, 188–189

definition, 182
density function, 422

skew, 471
deterministic function, 180
distribution, 196
exponential distribution, 265
independence, definition, 338
linear transform, 278
link, correlation inadequacy, 3
location, parameters, 295
mean, 190, 208–209

value, 252
measurability, 376
measurable function, 181
moments, 309
multiplication, 477–478
n degrees of freedom (chi-square distribution), 

α-quantiles (position), 472f
negative correlation, 346
obtaining, 504
outcomes, 192
parameters, 238–239
positive correlation, 346
probability law, 325

relationship, 217
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Random variables (Cont.)
scale, parameters, 295
uncorrelation, 346
uncountable space, 183–185
usage, 189, 212
values, assumption, 389
variance, 509–510

definition, 191
Random vectors, 10, 326

density function, 350
joint distribution, 348

function, 381
multivariate distribution function, 383
probability, 328

Random walk, 160–161
Range

obtaining, 59
variation measure, 59–60

Rank correlation measures, 406–407
symmetry, 407

Rank data, 19
Ratio scale, 20
Real numbers

open/half-open intervals, 327
three-dimensional space, 605

Real rate, monthly data, 538t–542t
Real-valued parameter (λ), 262
Real-valued random variable

usage, 240, 242, 244
Real-valued random variables

gamma distribution, 268
Real-valued variable, continuous function, 583
Recession, restricted space, 375
Rectangular distribution, 266–267
Rectangular event, 388–389
Redundant components, 605–606
Regime shift, occurrence, 561
Regression

analysis, 129
finance applications, 142–149
hedging application, 147–149

equations, examination, 550
errors, 570
goodness-of-fit denotation, 530
hyperplane, 524
method. See Standard stepwise regression method
modeling, 129
theory, 12

Regression-based duration, 531
Regression coefficients, 524

estimates, distribution, 570
estimation, 147, 532–534, 556
unbiased estimates, 577

Regression model, 131–132
distributional assumptions, 133–134
estimation, 134–138
evaluation

goodness-of-fit measures, usage, 521–522
extension, 6
industry sectors, consideration, 549

misspecification, 570
Regressor, 132
Reichenbach, Hans, 167–168
Rejection region, 485
Relative frequency, 27, 236

comparison, 28t
computation, 24
density, 233

histogram, usage, 88f
dependence, 169
distributions, usage, 120
probability, relationship, 167–168
usage, 84, 124–125

Replacements, 206–208
Rescaled random variables, generation, 257
Rescaling effect, 70
Residuals, 525

analysis. See Standardized residuals
autocorrelation, absence, 576–581
correlation, importance, 577
distribution, 133
observation, 569
tests, 570–572

Residual term, 132
Restricted model, 516
Retransformation, 141–142
Return

alternative set, 60t
attributes, 56
data, sample, 69t
density function, 331–332
joint distribution, 334–335
standard deviations, 347
vector, two-dimensional pdf, 332f
0.25 percentile, 57
0.30 percentile, 57f

Rho. See Spearman’s rho
Right-continuity, demonstration, 172f
Right-continuous empirical distribution, 514–515
Right-continuous function, 172–173
Right-continuous value, 230
Right-point rule, 595
Right-skewed distribution, location parameters, 316f
Right skewed indication, 244
Risk analysis, 1
Risk-free asset, excess, 142–143
Risk-free interest rate, 143

composition, 344
Risk-free position, addition, 344
Risk-free rate

implication. See Constant risk-free rate
market return, relationship, 551

Risk-free return, 143
Risk management, variables consideration, 6
Risk manager, hedge position, 147–148
Risk measures, 9–10

role, 241
Risky assets, 343
Rounded monthly GE stock returns, marginal rela-

tive frequencies, 115t
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Row vector, 601
form, 606

R-squared (R2). See Adjusted R-squared
Russian ruble crisis, 286

Sample, 415–419
criteria. See Large sample criteria
length, increase, 432

Sample mean
analysis, 429–430
bias, 429–430
computation, 437–440
defining, 48
efficiency, 444
histogram, 423f, 424f, 427f
mean-square error, 433–434
sampling distribution density function, 422f
standardization, 466–467

Sample outcome, impact, 428–429
Sample size, 417

Central Limit Theorem, impact, 476
sufficiency, 425

Sample skewness, definition, 65–66
Sample standard deviation, definition, 64
Sample variance

bias, 430–432
definition, 63
histogram, 442f
obtaining. See Corrected sample variance

Sampling distribution, 420
density function, 422f

Sampling error, 429
Sampling techniques, 417
Scale parameter (σ), 288, 295, 306–319
Scaling invariant, 123–124
Scaling property, 285
Seasonal components, 157
Second central moment, 309
Second moment, 240. See also Log-normal distri-

bution; Poisson distribution
non-existence. See Alpha-stable distribution

Securities, types, 536–537
Security, return, 143
Seller, option payment, 625
Serial correlation, 577
Serial dependence, 428
Set countability, 170–171
Set operations, 170–177
Set value, assumption, 328
�Shorthand notation, usage, 329
Short hedge, 147
Short rates, 255–256

dynamics, 256
Short-term interest rates

modeling, application, 255–256
Short-term interest rates, long-term interest rates 

(correlation), 148
Sigma algebra (σ-algebra), 175, 327, 420

definition, 176
Significance level, 488

determination, 510, 513
Simple linear regression, 6, 132, 521

model, 532
regression parameter estimation, 534t

Simultaneous movements, observation, 402
Skewness, 65–67, 242–244, 314–317. See also 

Exponential distribution; General Electric; 
Normal distribution
computation, 315

probability distribution, knowledge, 316
definition, 65, 66. See also Pearson skewness; 

Sample skewness
formal definition, 315
indication, 244, 288

parameter β, impact, 288
parameter, 244
statistic, 572

Sklar’s Theorem, 381
Slippage, occurrence, 368
Space (Ω), 173–179. See also Countable space; 

Measurable space; Uncountable space
mapping, 217
occurrence, 180

Spearman’s rho, 407
Special Erlang distribution, 247
Speculative-grade rating, 370

unconditional probability, 370–371
Spherical distribution, 355
Spread measures, 45
Spurious regression, 130
Squared bias, 433
Squared deviations, variance (impact), 576
Square matrix, 603–604

eigenvalues/eigenvectors, 612–614
SSE. See Sum of squares errors; Unexplained sum 

of squares
SSR. See Sum of squares explained by the regression
SST. See Total sum of squares
Stability property, 290
Stable distributions, 285

characterization, 286
Stand-alone probabilities, 362
Standard deviation (std. dev.), 191–192, 242, 312–314

definition. See Population standard deviation; 
Sample standard deviation

outcomes, relationship, 193f
usage, 68
variance, contrast, 63–65

Standard error of the coefficient estimate, 530
Standard error of the regression, 530. See also 

Univariate standard error of the regression
Standard error (S.E.), 432–433
Standardization, 67–69
Standardization of X, 249
Standardized data, 278
Standardized random variable, value, 628
Standardized residuals, analysis, 572
Standardized transform, 385
Standard normal distribution, 247–248, 298

distribution function, 271
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Standard normal distribution (Cont.)
mode, 302f
α quantile, 510
returns, contrast, 98f
0.2 quantile, determination, 299f

Standard normal population, observations, 515–516
Standard & Poor’s 500 (S&P500)

daily returns, distribution test, 517
equity index, value, 375

Standard & Poor’s 500 (S&P500) index
asset correlation, 501
commercial bank sector, asset duration estimate, 

532, 534
daily returns, 503

zero mean, determination, 505–506
electric utility sector, asset duration estimate, 

532, 534
prices, 83t

stem and leaf diagram, 82f
returns, 568

examination, 506–507
time series application, 157–158, 161

Standard & Poor’s 500 (S&P500) logarithmic 
returns, 177
class data, 87t
daily returns (2006), 89t
frequency densities, 87t
probability, 179

Standard & Poor’s 500 (S&P500) returns, 375–376
empirical cumulative relative frequency distri-

bution, 90f
QQ plot, contrast, 97f

Standard & Poor’s 500 (S&P500) stock index, 
534–536
closing prices, consideration, 82
daily logarithmic returns, 86
daily returns, 157f
logarithmic returns, box plot, 94f
marginal relative distributions, 114
monthly returns, 131t
prices, changes (vertical extension), 158f
usage, 143, 147
values/changes, 162t

Standard & Poor’s 500 (S&P500) stock index returns
box plot, 95f
classes, 90t
conditional, 116t
empirical cumulative relative frequency distri-

butions, 91f
Standard & Poor’s (S&P), 369

credit ratings, 18
assignation, 49
empirical distribution, 50f

index, cross sectional data (obtaining), 21
ratings

attributes, 56
empirical distribution, 49t, 51t

even number companies, 53f
Standard stepwise regression method, 12, 562, 

564–565

State space (Ω'), 237–238
probability, 188

Statistic, 415, 419–420
definition, 45
degrees of freedom ratio, 512
empirical data, 4
parameters, contrast, 45–46
population parameter, contrast, 419–420
probability, contrast, 4–5
university course, offering, 2–3

Statistical independence, 159
Statistical inference, 416
Statistical noise, 133
Statistical physics, 1
Statistical significance, determination, 527
Stem and leaf diagram, 81–82
Stepwise exclusion method, 12, 564
Stepwise inclusion method, 12, 562–564
Stepwise regression, usage, 12
Stochastic terms, 155–156
Stochastic variable, 180
Stock price

changes, joint movements, 409
dynamic, 627
evolution, 199–200, 291
expected value, relationship, 163
pricing process, evolution, 200–201
probability, 253–254

correspondence, 221
random variable, 221
ratio, 308

bounds, 313
variation, 21
volatility, 198–199

parameter, 627
Stock price to free cash flow per share (PFCF), 

ratio, 372–373
Stock returnillustration, 340–341
modeling, 418
properties, application, 251
regression, application, 6, 130
regression model, application, 136–138
skewness, example, 315–316
student’s t distribution application, 259–260

Stocks
characteristic line, 143, 147
index futures, availability, 148
logarithmic return, 229
performance, 364
portfolio

benchmark, 361
consideration, 251

relative performance, 364t
Strictly monotonically increasing transformations, 

invariance, 382, 384–386
Strictly monotonic function preserves, natural 

logarithm, 447f
Strictly monotonic increasing function, 592

illustration, 593f
Strike price (exercise price), 625
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Student’s t distributed
n-1 degrees of freedom, 469–470
statistic, 512

Student’s t distributed random variables, tail 
dependence, 411f

Student’s t distribution, 247, 256–262
assumption, 291
cumulative distribution function, 260
degrees of freedom, 470–471
density function, 258f
α-quantiles, n-1 degrees of freedom, 470
returns, 300
shape, 257

Student’s t observations, generation, 401f
Student’s t random variable, mean, 259
Sturge’s rule, 33, 47

usage, 37
Subprime mortgage crisis, 286
Subsets, 174
Sufficiency, 457, 459–461
Sufficient statistic, 11, 461

distribution, 476
Summation, infeasibility, 595
Sum of squares errors (SSE), 139
Sum of squares explained by the regression (SSR), 

13, 527
Support, term, 237
Supremum

comparison, 515
selection, 513–514

Survival time, 264
Symmetric confidence intervals, advantages, 11
Symmetric density function, 243f

zero skewness, 244
Symmetric matrix, 608, 614
Symmetric n × n matrix, 608

Tail dependence, 347, 407–412
absence, 409
measure, 407

Tail index, 286
Tails, 3
t copula, 383, 385–386

d=2 example, 394–398
contour plots, 397f–398f
illustration, 395f–396f

degrees of freedom, estimate (computation), 
403, 405

joint distribution, 410
tail dependence, 409–410

t distribution, 247, 256. See also Multivariate t 
distributions
density function, 258f
normal distribution, contrast, 410
obtaining, 394–395
probability mass, attribution, 395

t-distribution, tabulation, 530
10-year Treasury note, 537
10-year Treasury yield

forecasting, regression results, 543t

monthly data, 538t–542t
prediction, 536–537

Test power. See Power of a test
Test quality criteria, 490–496
Test size, 486

determination, 487f
partitioning, 508f
value, 501–502

Test statistic
basis, 495
computation, 513
density function, 487f
obtaining, 509–510
usage, 506–507

Theoretical distributions/empirical distributions 
(comparison), box plots (usage), 98f

Third central moment, 314
30% quantile (determination), histogram (usage), 88f
Three-dimensional real numbers, span, 606
Time

deterministic functions, 155
variance, 575

Time series, 6
analysis, 153, 576–577

serial correlation/lagged correlation, 577
cross sectional data, relationship, 21
data, 21

model, description, 575
decomposition, 154–158

components, 156f
definition, 153–154
obtaining, 55–56
representation, difference equations (usage), 159

Tinbergen, Jan, 2
Total probability, law, 369

illustration, 369–371
multiple events, 371

Total sum of squares (SST), 139, 527
Transformed data

median computation, 69–70
range, computation, 70–71

Transformed random variables, covariance, 343–344
Treasury bill futures, availability, 148
Treasury bond futures, availability, 148
Treasury yield

changes, 535
prediction. See 10-year Treasury yield

True null hypothesis, 527–528
t-statistic, 521

application, 550
t-test

n-k-1 degrees of freedom, 529–530
results, 548

Turned vectors, 607f
2-dimensional normal distributions, 349
Two-dimensional copulas, 387–399

maps, 387
Two-dimensional random variable, usage, 331
Two-dimensional space, complex number repre-

sentation, 599
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Two-dimensional variable, 524
Two-period stock price model, probability distri-

bution, 215t
Two-tailed Kolmogorov-Smirnov distance, compu-

tation, 514f
Two-tailed Kolmogorov-Smirnov test, usage. See 

Equality of distribution
Two-tailed test, 483

usage. See Normal distribution
Type I errors, 11, 485–486
Type II errors, 11, 485–486

probability, 490–491

UMP test. See Uniformly most powerful test
Unbiased efficiency, 443–444
Unbiased estimator, 453–454

obtaining, 431
Unbiased test, 494
Unconditional probabilities, 362

product, 368
Uncorrelated random variables, 341–342, 346
Uncorrelated variables, regression, 137f
Uncountable real-valued outcomes, 184
Uncountable sets, 170–171

distinction, 7
Uncountable space, 229–230

random variables, 183–185
Unexplained sum of squares (SSE), 528

degrees of freedom, determination, 530
Uniformly most powerful (UMP) test, 491–493

size α, 493
comparison, 493f

Unimodal dataset, 55
Univariate data, 17
Univariate distributions, 6, 325
Univariate normal distribution, density function, 349
Univariate probability distributions, 9
Univariate random variable, probability, 328
Univariate regression, 521
Univariate standard error of the regression (s2), 530
Unknown mean (normal random variable), vari-

ance (confidence interval), 473–475
Unknown variance (normal random variable), 

mean (confidence interval), 469–475
Up market beta, 551
Up movement, 198–199, 221

binomial random variable, impact, 303
occurrence, 252

Upper limit, 590
defining, 92

Upper quartile, 296–297
Upper tail dependence, 408
u-quantile, 388
U.S. dollar, appreciation, 209–211
U.S. Treasury bond, comparison, 555

Value-at-risk (VaR), 298–299, 376–377
computation, 299–300
equivalence, 300
measure, 295

Variables
inclusion, F-test (usage), 530–531
linear functional relationship, 131–132

Variance inflation factor (VIF), 547–548
Variance (σ2), 189, 191, 240–242, 309–312. See 

also Analysis of variance
contrast, 66
definition. See Population variance; Sample 

variance
elimination, 433
estimator

comparison, 431
consistency, 441–443
mean-square error, 435

knowledge, 501
non-existence, 290
one-tailed test, 503–505
parameter, estimation, 255, 631–632
proxy risk, 574
reduction, 443–444
square root, 192, 312
standard deviation, comparison, 63–65
yield, 311

Variation, 59–69. See also Coefficient of variation
measures, 59, 67, 70

examination, 72t
Vector, 601–602. See also Column vector; Row 

vector; Turned vectors
dimensionality, 601
linear composition, 605f
three-dimensional space, 604

Vector hyperplane, 525f
Vector notation, usage, 522
Venn diagram, 362

example, 363f
VIF. See Variance inflation factor
Volatility clustering, 574–575
von Mises, Richard, 167–168

Waiting time, 269
Weibull distribution, 280
Weighted least squares (WLS) estimation tech-

nique, 573–574
Weighted least squares (WLS) estimators, 574
Weighted mean, 55–56

mean, form, 55
Whisker ends, 93
White’s generalized heteroskedasticity test, 573
WLS. See Weighted least squares
Writer, option payment, 625

Yield beta, 148–149
Yield spread, difference (test), 560

0.2 quantile, 297
determination, 297f, 299f

0.25 quantile, 34
0.75 quantile, 34
Zero-coupon securities, 536–537
Zero covariance, concept, 121–122
Zero-one distribution, 193
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