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C H A P T E R 1

Modeling Market
Microstructure—
Randomness in

Markets

Traditionally, portfolio modeling has been the domain of highly quantitative people
with advanced degrees in math and science. On Wall Street, such people are com-
monly called rocket scientists. Optimal Portfolio Modeling was written to provide

an easily accessible introduction to portfolio modeling for readers who prefer an intu-
itive approach. This book can be read by the average intelligent person who has only a
modest high school math background. It is designed for people who wish to understand
rocket science with a minimum of math.

The focus of this book is on money management. It is not a book about market tim-
ing, nor is it designed to help you pick stocks. There are numerous other books that
address those subjects. Rather, this work will show the reader how to define models to
help manage money and control risk. Stock selection is really just the details. The big
picture is actually about achieving your overall portfolio goals.

Included with this book is a CD-ROM that includes numerous examples in both Ex-
cel and R, the statistical modeling language. The book assumes the user has a beginner’s
level knowledge of Excel and focuses mainly on those specific areas that apply to portfo-
lio modeling and optimization. There are many books that offer an introduction to Excel,
and the interested reader is encouraged to investigate those.

R is an open-source language that offers powerful graphics and statistics capabilities.
Two appendices in this book offer introductory support for users who wish to download
R at no cost and learn how to program. Because R is powerful, many functions and graphs
can be done with very few command lines. Often, only a single line will create a graph or
perform a statistical analysis.
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2 OPTIMAL PORTFOLIO MODELING

The overriding philosophy of all of the examples is simplicity and ease of under-
standing. Consequently, each example typically focuses on a single simple problem or
calculation. It is the job of the computer to know how to perform the calculations. The
user only needs to know how to invoke the right computer function and to understand
the results. Understanding and intuition are the primary goals of this book.

This chapter introduces the important background of market microstructure and
randomness. This is a foundation for the ideas developed later in this book. The discus-
sion starts with a thorough introduction to the idea of randomness and what a random

walk is. The topic of randomness is presented as an essential element in understanding
how and why a portfolio works. After all, the primary rationale for a portfolio is intelli-
gent diversification.

From there, the book moves to a discussion of market microstructure and how it
affects the operation of markets. Later, the reader is introduced to the efficient market

hypothesis, along with its history and development, starting with early pioneers in the
field. Augmenting this is the discussion on arbitrage pricing theory and its modern ap-
plications. This latter topic shows how the market identifies and eliminates any risk, less
arbitrage opportunities.

Trading speculative markets has always been difficult. Over the years, several stud-
ies have shown that some 70 to 80 percent of all mutual funds underperform the aver-
ages. A study by Professor Terrance Odean of the University of California at Berkeley
demonstrated that most individual investors actually lose money. This study analyzed
thousands of real-life individual investor brokerage accounts. Thus, it provides a compre-
hensive look at how real individual traders operate. The inescapable conclusion is that
both professional and individual investors find that trading the markets is challenging.

Successful trading is predicated on one thing. Traders must predict the direction
of price changes in the future. At a minimum, a successful trader must predict prices so
that each trade has an expectation of yielding a profit. This does not mean that each trade
must be successful, but, rather, that a succession of trades would usually be expected to
result in a profit. This should not be taken to mean that having a positive expectation for
each trade is the only thing a successful trader needs. The astute reader will note that
the use of words such as usually, average, and expectation naturally implies that the art
of forecasting is far from perfect. In fact, it is best studied from a statistical perspective
with a view to identifying what is random and what is predictable.

In a recent 500-day period, the stock market as measured by the Standard and Poor’s
500 index was generally a modestly up market. A statistical analysis of the daily com-
pounded returns for the period shows:

Average daily return: .038 percent
Standard deviation: .640 percent
Probability of rise: 56 percent
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The standard deviation is simply a measure of the variability of returns around the
average. From this simple analysis, we can make some interesting observations:

1. The average daily return is small with respect to the standard deviation.

2. The daily variability is relatively large, at 16 times the return.

3. The market went up 56 percent of the time, or slightly more than half. It also went
down the other 44 percent of the days. So even during up markets, the number of up
days is only slightly better than 50–50.

4. The variability completely swamps the average return.

Observations such as these have led many early researchers in finance to propose
a model for the markets that explicitly embraces randomness at its very core. A corner-
stone of this idea is that markets represent all of the knowledge, information, and in-
telligent analysis that the many participants bring to bear. Thus, the market has already
priced itself to correspond with the sum of all human knowledge. In order to outperform
the market, a trader must have better information or analysis than the rest of the partic-
ipants collectively. It would seem the successful trader must be smarter than everyone
else in the world put together.

THE RANDOM WALK MODEL

To the typical layman, the random walk model is the best-known name for the idea that
markets are very good at pricing themselves so as to remove excess profit opportunities.
The academic community generally prefers the description the efficient market hypothe-

sis (EMH). Either way, the idea is the same—it is very difficult to outperform the market.
If someone does outperform, then it is likely only attributable to mere luck and not skill.

The history of the EMH is a rather long one. The first known work was by Louis
Bachelier in 1900, in which he posited a normal distribution of price changes and de-
veloped the first-known option model based on the idea of a normal random walk (see
Figure 1.1). His seminal paper in the field was quickly forgotten for some 60 years. As an
interesting side note, the mathematics that Bachelier developed was essentially the same
analysis that Albert Einstein reinvented in 1906 in his study of Brownian motion of micro-
scopic particles. Einstein’s famous paper was published some six years after Bachelier’s
work. However Bachelier’s paper languished in relative obscurity until its rediscovery in
the 1960s.

Prof. Paul Samuelson of the Massachusetts Institute of Technology offered a Proof

that Properly Anticipated Prices Fluctuate Randomly in the 1960s. This provided a
theoretical basis for the EMH idea. However, it fell to M. F. M. Osborne to provide the

htt
p:/

/w
ww.pb

oo
ks

ho
p.c

om



c01 JWPR068-McDonnell December 15, 2007 15:56 Char Count=

4 OPTIMAL PORTFOLIO MODELING

0.4

 0.3

–3 –2 –1 0
x

1 2 3

 0.2

 fu
nc

tio
n(

x)
 d

no
rm

(x
) 

(x
)

 0.1

 0.0

Figure 1.1 Normal Probability Distribution

modern theoretical basis for the efficient market hypothesis. Osborne was the first to
posit the idea of a lognormal distribution and provide evidence that the price changes
in the market were log normally distributed. Furthermore, he was the first modern re-
searcher to draw the link between the fluctuations of the market and the mathematics of
random walks developed by Bachelier and Einstein decades earlier.

Osborne was a physicist by training employed at the U.S. Naval Observatory. As
such, he was not an academic, nor did he come from a traditional finance background.
Thus, it is not surprising that he is rarely recognized as the father of the efficient market
hypothesis in the lognormal form. However, it is very clear that his empirical and the-
oretical work that described the distribution of stock price changes as log normal and
the underlying process of the market as being akin to the process described by Einstein
called Brownian motion was the first to elucidate both concepts. Osborne deserves the
honor of being the father of the EMH.

As so often happens in academia, others who published later and were fully aware of
Osborne’s work have received much of the credit. Statistician and student of mathemati-
cal and statistical history, Stephen M. Stigler has whimsically called the phenomenon his
law of eponymy. The wrong person is invariably credited with any given discovery.

One aspect of this phenomenon is that when a person is erroneously credited with
a discovery for whatever reason, his or her name is attached to that discovery. After
much widespread usage, the name tends to stick. So even when it is later discovered by
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historians that someone else actually discovered the idea first, it is usually just treated as
a footnote and rarely adopted into common usage among practitioners in the field.

Such is the case for Osborne’s contribution to the efficient market hypothesis. It was
partly because he was a physicist working in the field of astronomy. At the time of his
publication, he was not really an accepted name in the field of finance.

One form of the EMH defines the relationship between today’s price Xt and tomor-
row’s price Xt+1 as follows:

Xt+1 = Xt + e (1.1)

where e is a random error term. We note that this model is inherently an additive model.
The usual academic assumption corresponding to this type of model is the normal distri-
bution. The key concept is that the normal distribution is strongly associated with sums
of random variables. In fact, there is a weak convergence theorem in probability theory
that states that for any sums of independent identically distributed variables with finite
variance, their distribution will converge to the normal distribution. This result virtually
assures us that the normal distribution will remain ubiquitous in nature.

However, the empirical work of Osborne showed us that the distribution of price
changes was log normal. This type of distribution is consistent with a multiplicative
model of price changes. In this model, the expression for price changes becomes

Xt+1 = Xt(1 + e) (1.2)

WHAT YOU CANNOT PREDICT IS RANDOM TO YOU

Some would argue that the market is not random. Certainly, almost every single par-
ticipant in the market believes he or she will achieve superior results. Most of these
participants are smarter, richer, and better educated than average. Can they all achieve
superior returns? Of course, it would be mathematically impossible for everyone to be
above average. Can they all be deluded?

To answer this question it is helpful to look at the long-term history of the market.
When we fit a regression line through the monthly Standard & Poor’s closing prices Pt on
the first trading day of each month since 1950 until November 2006, we find the following:

ln Pt = .0059t + 3.06

In this case the t values are simply month numbers starting at 1, then 2, and so on
for each of the 683 months in the study. The fitted coefficient .0059 can be interpreted
as a simple monthly rate of increase in the series. So if we annualize, we get an annual
rate of return of about 7.1 percent for the long-term growth rate of the Standard & Poor’s
500 average (see Figure 1.2). This is a very respectable long-term upward trend in the
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Figure 1.2 Log S&P Regression as Function of Time

market. The R2 for this regression was 97 percent. Given that 100 percent is a perfect fit,
this indicates that the model is a very good one.

The underlying message here is that the market goes up over time. The fact that
the natural log model fits well tells us that the growth in the market is compounded
and presumably derived from a multiplicative model. But beyond that, it tends to make
people think they are financial geniuses who might not be.

Bull markets make us all geniuses.

—Wall Street maxim

From the perspective of the long-term time frame, the market has been in a bull
phase for at least the entire last century. Human beings have a natural propensity to
attribute good luck to their own innate skill. Psychologists call this the self-attribution

fallacy. The long-term bull market has created a large group of investors who believe
they have some superior gift for investing. Few investors ever stop to critically analyze
their own results to verify that they are indeed performing better than the market.

Given that the market exhibits long-term compounded returns over time, it is clear
the best model is a multiplicative one. This long-term return is often called the drift—the
tendency of the market to move inexorably upward over time. However, to understand
the shorter-term movements of the market, we must look to a different kind of model
in which the short-term fluctuations appear to be more random. The reason for that is
simply because the marketplace in general will anticipate all known information, and
thus, the current market price is the best price available. Thus, by definition, any news
that is material to the market and was not anticipated will appear as random shocks in
either direction.
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The key idea to understand is that the market will not respond to news that it already
knows. Or if it does, that response will be contrary to what a rational analyst might have
expected. These contrary movements are caused when a large group of investors was
expecting a certain piece of news and thus, holding positions that were previously taken.
When the news is announced, the entire group may try to unwind their positions, result-
ing in a market movement in exactly the opposite direction one might expect. Simply
put, the market has already discounted the expected news and adjusted the price well in
advance. Because this phenomenon is so prevalent, Wall Street has evolved the maxim,
“Buy on the rumor, sell on the news.” Although one would never recommend relying on
rumors for investment success, certainly buying on the correct anticipation of news is
the better strategy.

This leaves us with the realization that, absent informed knowledge of upcoming
news, the outcome of such events will be random and unpredictable to us. Some would
argue that for most news someone knew the event in advance. Certainly for earnings an-
nouncements and government reports, someone did know the information to a certainty.
For them, the news was not random but completely predictable. Assuming the informa-
tion was not widely disclosed, then for the rest of investors, the information remains
random and unpredictable.

There is a general principle at work here. If we cannot predict the news, then it is

random to us. So even if others know the information, then insofar as we do not, and
cannot predict it, it remains random for us.

MARKET MICROSTRUCTURE

Generally speaking, the market consists of the interactions between four broad classes
of orders. These can be grouped into two categories each. There are market orders and
there are limit orders. There are orders to buy and sell. Although there are variations and
nuances on each, these characterize the main categories of trading orders.

Ĺ Market order—A market order is an order to buy or sell that is to be executed imme-
diately at the best available price

Ĺ Limit order—This is an order to buy or sell that is only to be executed at the speci-
fied limit price or better. Limit orders may have an expiration, such as the end of the
day or 60 days.

The quote at any given time is essentially based on the best limit order to buy, which
is known as the bid, and the best limit order to sell, which is the ask. When a market
order to sell comes in, it is usually crossed with the bid. Therefore, we can expect the
price of a market order to sell to be the bid price. We should note that market orders are
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usually smaller in size than limit orders. Usually, this means that the market order will
be executed at the bid and that the remaining size of the limit order(s) at the bid will be
reduced by the amount of the market order. In effect, market orders nibble away at the
larger limit orders. It is only after enough market orders have consumed the bid that the
bid–ask quote will drop to a new lower bid.

The other side of this process is when a market order to buy, say, 200 shares comes
in. Assume there are 1,000 shares for sale at the ask price of 50.10. In this case, the
market order will be crossed with the limit order, resulting in a transaction of 200 shares
at a price of 50.10. After the transaction, the ask side limit order will show the remaining
800 shares offered at 50.10. It is only after the 800 shares have been consumed by market
orders that the ask price will move higher.

Because limit orders tend to persist longer than market orders and are larger than
market orders, there is a tendency for the last sale price to alternate back and forth
between the bid and ask until one or the other price barrier is consumed. Only then does
the quote move. For example, when the ask price is extinguished, the ask will move to
a new higher price—the next limit order up. Quite often, the old bid will be superceded
by a slightly higher bid, either from a market maker or an off-floor limit order. Thus,
the entire quote has a tendency to move up. To really understand the current market
situation, one must really look beyond simply the last sale and consider the current bid
and ask and the relative size of the bid and ask.

Another important aspect of this market microstructure can be understood in the
sense of news. We can view the arrival of market orders as news of an investor’s decision
process. In some cases, orders to sell may simply indicate a need for liquidity. It may be
as simple as Aunt Mabel in Peoria sold 100 shares to raise money to buy videogames
for all her nieces and nephews this Christmas. Alternatively, the sale may mean that
an investor’s views on the prospects for the company have changed. This is certainly a
different kind of information, but every trade contains information.

The other side of the coin is that predicting and modeling the market at the mi-
crostructure level is very difficult. We do not even know who Aunt Mabel is, much less
her plans and how many nieces and nephews she has. Thus, her sale of stock for liquid-
ity needs is unpredictable for us. Therefore, any price change it causes is also random to
us. So to model this sort of environment we must explicitly allow for a large degree of
randomness in the short-term market movements.

The astute reader may have wondered if all market orders are always crossed with
limit orders. The answer, of course, is no. Most market orders are crossed with limit
orders for the reasons already mentioned, but certainly it is possible for two market
orders to arrive at essentially the same time and be crossed with each other. By the same
token, it is possible for an aggressive trader to place a large limit order to buy at the ask
price or to sell at the bid price. In this case, a limit order will be crossed with a limit
order.
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There are also stop orders and other contingencies that can be placed on orders.
However, for the most part, such as when the stop price is hit, the order becomes a valid
market order. Alternatively, for a stop limit order it becomes a valid limit order. Thus,
the four-order model just described adequately covers the vast majority of the cases.

It is also worth noting that the market makers effectively act as though they were
placing limit orders. Sometimes the bid and ask will both be from a market maker. At
other times, one or the other may be an off floor limit order. Nevertheless, the market
makers seek to profit from the tendency for the market to trade back and for the several
times between the bid and ask prices before moving either higher and lower. This market-
maker strategy does not always work, but it works well enough that market makers tend
to make a very good profit. A very telling fact is that New York Stock Exchange seats
have routinely sold for millions of dollars for quite awhile now.

EFFICIENT MARKET HYPOTHESIS

We are now ready to formalize our efficient market hypothesis as a mathematical model.
The general principle is that it is a multiplicative model wherein the near-term price
changes are swamped by the short-term variability.

Thus, a good statement of the model is the form expressed earlier:

Xt+1 = Xt(1 + e) (1.3)

Here, we have the price today Xt related to the price tomorrow by a simple random
multiplicative term (1 + e), where e is the random variable. In Chapter 2, we will discuss
the nature of the random variable e to better understand the structure of the market.

We note that equation 1.3 is the multiplicative form analogous to equation 1.2. This is
in contrast to the additive model, which is given by equation 1.1. The multiplicative form
is consistent with the log normal distribution put forward by Osborne.

Later in this book, we shall show how the multiplicative and lognormal models are
also the most appropriate in order to deal with the compound interest effect known to
exist in the equity markets. This forms the foundation for the ideas developed later in
this book, which allow an investor to maximize long-term compounded returns on the
portfolio.

One of the author’s favorite apocryphal stories is that of the finance professor, the
economist, and the nimble trader.

One day, a finance professor, who firmly believed in the Efficient Market Hypothesis,
was walking along the street. He spotted a one hundred dollar bill lying on the ground.
He paused, realized that in an efficient market no one would leave hundred dollar bills
lying around. He continued on his walk, confident that it was only a trick of the light.
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Minutes later an economist strolled by and saw the hundred dollar bill. He began
to calculate to see if picking up the hundred dollar bill would improve his utility of
wealth for the day. While he was still calculating, a quick-stepping trader walked past
him, picked up the hundred dollar bill and hastily continued on down the street.

The next section has much to do with quick-footed traders.

ARBITRAGE PRICING THEORY

A close cousin of the EMH is a theory called arbitrage pricing theory (APT). Essentially,
this says that the market will not allow any riskless arbitrage to exist. A simple example
of riskless arbitrage is if IBM is selling at $80 per share on the New York Stock Exchange
and sells for 79.90 on the Pacific Stock Exchange. A nimble trader can buy shares at
79.90 on the Pacific and sell them for 80 in New York for a quick profit of .10. This trade
is essentially riskless if done simultaneously.

Arbitrage pricing theory mandates that such opportunities should not exist, or that if
they do, they will be quickly extinguished to the point that they are no longer profitable
after expenses. It is easy to see why this should happen. In the case of our arbitrage
trader in IBM shares when he buys at 79.90, his buying will tend to increase the price on
the Pacific Exchange. When he sells in New York, his selling will tend to drive the price
there down. Thus, the two prices will quickly come into line and the arbitrage opportunity
will be extinguished.

The ideas of APT have developed largely through the efforts of Stephen Ross and
Fisher Black. A broader version of these ideas is the concept that one can arbitrage
expectations as well as simple price. So rather than just focusing on price differential, the
term can include cross relationships between different assets connected via a common
factor.

Suppose the price of oil has risen. Then it might be reasonable to believe that the
expectation for the earnings of companies that sell oil would be enhanced as well. They
are now able to sell at a higher price. Thus, our expectation for the price of oil stocks is
now enhanced and we would buy.

Such buying, if done by many, would tend to force the prices of oil stocks up in
response to the rise in the oil commodity itself. It is an example of how one factor can
drive many stocks. However, the same factor can have a negative impact on other stocks.

An example of this is obvious as well. Again, assume the price of oil has risen as
before. If we consider the impact of this fact on automobile companies, we quickly realize
that the impact can only be negative. The effect may vary from company to company, but
it is negative. It now costs more to fuel your car and consumers are less likely to purchase
new cars or extra cars.
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Companies that are heavily into gas-guzzling SUVs will be hurt the most. Consumers
have the strongest disincentive with respect to these vehicles. It is much easier for them
to defer or cancel any new purchase. However, companies that are strong in the econom-
ical car submarkets or in fuel-saving hybrids will likely benefit, relatively speaking.

One might suppose that with the advent and ubiquity of modern computing power,
such arbitrage opportunities would vanish. However, it is also the case that there has
been an enormous rise in derivative instruments in the last few decades as well. It is
now entirely possible to buy a basket of stocks representing some index and to trade a
futures contract on the index and to trade an exchange traded fund on the index. The
number of arbitrage opportunities increases with the number of combinations of instru-
ments available. So when we add multiple futures contracts to the mix, we have many
more combinations. But the real arbitrage opportunities are in the large number of op-
tions, both puts and calls, at multiple strike prices and various expiration months. On any
given day, the markets will trade over 50,000 equity distinct options. The number of listed
options is well into the hundreds of thousands. The number of arbitrage combinations of
two, three, or more options on all these stocks is well into the millions.

Thus, even with today’s computing power it is still rather difficult for the market
to eliminate all arbitrage opportunities. In fact, the market does a remarkably good job,
considering the large number of such arbitrages available. The bottom line is that the
arbitrage pricing theory is a pretty good model for market efficiency, but not necessarily
a perfect one.

At this point the user is encouraged to begin to explore the CD-ROM that came with
this book. Each chapter of this work has corresponding examples on the CD-ROM that
relate to the topics developed in the chapter. Although using the CD is not required, it
is highly recommended as a way to bring the chapter contents to life. The programs and
examples provided are generally intended to be as simple as possible and focus only on
a particular topic presented in the text.

With that in mind, the user should find it a very worthwhile exercise at the end of
each chapter to take a break and review the examples for that chapter. The exercise
should take only a few minutes in most cases, but the hands-on experience should prove
very helpful in enabling readers to get a feel for the subjects covered.

The reader should start exploring the CD-ROM by reading the appendix, About the

CD-ROM.
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