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A Moment Approach
to Static Arbitrage

Alexandre d’Aspremont

1.1 INTRODUCTION

- —

The fundamental theorem of asset pricing ‘=stabiishes the equivalence be-
tween absence of arbitrage and existence ¢f a martingale pricing measure,
and is the foundation of the Black and Scholes [5] and Merton [24] option
pricing methodology. Option prices ate computed by an arbitrage argu-
ment, as the value today of a dynainic, self-financing hedging portfolio that
replicates the option payoff at‘iaaturity. This pricing technique relies on
at least two fundamental ascamptions: it posits a model for the asset dy-
namics and assumes that inarkets are frictionless, that is, that continuous
trading in securities is possible at no cost. Here we take the complementary
approach: we do net make any assumption on the asset dynamics and we
only allow trading today and at maturity. In that sense, we revisit a classic
result on the equivalence between positivity of state prices and absence of
arbitrage in a one-period market. In this simple market, we seek computa-
tionally #ractable conditions for the absence of arbitrage, directly formulated
in terms of tradeable securities.

Of course, these results are not intended to be used as a pricing frame-
work in liquid markets. Our objective here instead is twofold. First, market
data on derivative prices, aggregated from a very diverse set of sources,
is very often plagued by liquidity and synchronicity issues. Because these
price data sets are used by derivatives dealers to calibrate their models,
we seek a set of arbitrarily refined tests to detect unviable prices in the
one-period market or, in other words, detect prices that would be incom-
patible with any arbitrage free dynamic model for asset dynamics. Second,
in some very illiquid markets, these conditions form simple upper or lower
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4 OPTION PRICING AND VOLATILITY MODELING

hedging portfolios and diversification strategies that are, by construction,
immune to model misspecification and illiquidity issues.

Work on this topic starts with the [1] result on equilibrium, followed
by a stream of works on multiperiod and continuous time models stating
the equivalence between existence of a martingale measure and absence of
dynamic arbitrage, starting with [15] and [16], with the final word probably
belonging to [8] and [12]. Efforts to express these conditions directly in terms
of asset prices can be traced back to [7] and [14], who derive equivalent
conditions on a continuum of (possibly nontradeable) call options. [7], [19]
and [20] use similar results to infer information on the asset distribution
from the market price of calls using a minimum entropy approach. Another
stream of works by [21] and more recently [28] derives explicit bounds
on European call prices given moment information on the pricing measure.
Results on the existence of martingales with given margina's can be traced
back to Blackwell, Stein, Sherman, Cartier, Meyer, and Sir2ssen and found
financial applications in [13] and [22], among others. A recent paper by [11]
uses this set of results to provide explicit no arbitrage conditions and option
price bounds in the case where only a few single-2¢set call prices are quoted in
a multiperiod market. Finally, contrary to eur mtuition on static arbitrage
bounds, recent works by [18] and [10] sliow that these price bounds are
often very close to the price bounds ebtained using a Black-Scholes model,
especially so for options that are oursice of the money.

Given the market price of tradearle securities in a one-period market,
we interpret the question of testitig tor the existence of a state price measure
as a generalized moment prabiem. In that sense, the conditions we obtain
can be seen as a direct.g¢neralization of Bochner-Bernstein-type theorems
on the Fourier transform of positive measures. Market completeness is then
naturally formulated ir. terms of moment determinacy. This allows us to
derive equivalent cenditions for the absence of arbitrage between general
payoffs (not limited to single-asset call options). We also focus on the par-
ticular case of basket calls or European call options on a basket of assets.
Basket calls appear in equity markets as index options and in interest rate
derivatives market as spread options or swaptions, and are key recipients of
market information on correlation.

The paper is organized as follows. We begin by describing the one
period market and illustrate our approach on a simple example, intro-
ducing the payoff semigroup formed by the market securities and their
products. Section 2 starts with a brief primer on harmonic analysis on
semigroups after which we describe the general no-arbitrage conditions on
the payoff semigroup. We also show how the products in this semigroup
complete the market. We finish in Section 3 with a case study on spread
options.
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A Moment Approach to Static Arbitrage 5

1.1.1 One-Period Model

We work in a one-period model where the market is composed of n
assets with payoffs at maturity equal to x; and price today given by
p; for i =1,..., n. There are also m derivative securities with payoffs
sj(x) =sj(x1,...,x,) and price today equal to p,; for j =1,...,m. Fi-
nally, there is a riskless asset with payoff 1 at maturity and price 1 today
and we assume, without loss of generality here, that interest rates are equal
to zero (we work in the forward market). We look for conditions on p pre-
cluding arbitrage in this market, that is, buy and hold portfolios formed at
no cost today which guarantee a strictly positive payoff at maturity.

We want to answer the following simple question: Given the market
price vector p, is there an arbitrage opportunity (a buy-and-hold arbitrage in
the continuous market terminology) between the assets x; an< the securities
sj(x)? Naturally, we know that this is equivalent to the existence of a state
price (or probability) measure u with support in R’ such fhat:

Euxl=pi, i=1,...,¢
Eulsi(x)l = payjs j =l om (1.1.1)

Bertsimas and Popescu [4] show that this-simple, fundamental problem is
computationally hard (in fact NP-Hzra). In fact, if we simply discretize the
problem on a uniform grid with I steps along each axis, this problem is still
equivalent to an exponentiallylarge linear program of size O(L"). Here, we
look for a discretization that does not involve the state price measure but
instead formulates the rio arbitrage conditions directly on the market price
vector p. Of course, NV-Hardness means that we cannot reasonably hope to
provide an efficient, exact solution to all instances of problem (1.1.1). Here
instead, we seek ar arbitrarily refined, computationally efficient relaxation
for this problem and NP-Hardness means that we will have to trade off
precision for complexity.

1.1.2 The Payoff Semigroup

To illustrate our approach, let us begin here with a simplified case where
n = 1; that is, there is only one forward contract with price p;, and the
derivative payoffs s;(x) are monomials with s;(x) = x/ for j =2,...,m. In
this case, conditions (1.1.1) on the state price measure u are written:

Eu[xi]=l?,', j=2,...,m,
E.lx] = p1 (1.1.2)
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6 OPTION PRICING AND VOLATILITY MODELING

with the implicit constraint that the support of u be included in R,.. We
recognize (1.1.2) as a Stieltjes moment problem. For x € R, let us form the
column vector v,,(x) € R as follows:

V() £ (1, x, X%, ..., xm)T

For each value of x, the matrix P,,(x) formed by the outer product of the
vector v,,(x) with itself is given by:

1 x x™
; x x2 xm+1
Pm(x> = Um(-x)vm(x) = . .
; 1 2l
XXt x4,

P,.(x) is a positive semidefinite matrix (it has only one nonzero eigenvalue
equal to [Ju,(x)]|?). If there is no arbitrage and thei= exists a state price
measure u satisfying the price constraints (1.i.2), then there must be a
symmetric moment matrix M,, € R+Ux(m+1iguch that:

1 o5 . Pm
A P D2 E/t [xm+1]
M, 2 B [Pl = | L
\ Pm E, [x’”‘”] ... E, [xz”’]

and, as an average of pusitive semidefinite matrices, M,, must be positive
semidefinite. In othei words, the existence of a positive semidefinite matrix
M,, whose first.rew dand columns are given by the vector p is a necessary
condition for the absence of arbitrage in the one period market. In fact,
positivity conditions of this type are also sufficient (see [27] among others).
Testing for the absence of arbitrage is then equivalent to solving a linear
matrix inequality, that is finding matrix coefficients corresponding to E,, [x/]
for j =m+1, ..., 2m that make the matrix M,,(x) positive semidefinite.

This chapter’s central result is to show that this type of reasoning is not
limited to the unidimensional case where the payoffs s;(x) are monomials but
extends to arbitrary payoffs. Instead of looking only at monomials, we will
consider the payoff semigroup S generated by the payoffs 1, x; and s;(x) for
i=1,...,nand j =1,...,m and their products (in graded lexicographic
order):

SE{L, xr, vy X 1K), ooy S(X), X7, - XS (X)L sm(x)P, L) (1.1.3)
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A Moment Approach to Static Arbitrage 7

In the next section, we will show that the no-arbitrage conditions (1.1.1)
are equivalent to positivity conditions on matrices formed by the prices of
the assets in S. We also detail under which technical conditions the securities
in S make the one-period market complete. In all the results that follow, we
will assume that the asset distribution has compact support. As this can
be made arbitrarily large, we do not lose much generality from a numerical
point of view and this compactness assumption greatly simplifies the analysis
while capturing the key link between moment conditions and arbitrage. Very
similar but much more technical results hold in the noncompact case, as
detailed in the preprint [9].

1.1.3 Semidefinite Programming

The key incentive for writing the no-arbitrage conditions/in terms of linear
matrix inequalities is that the latter are tractable. The-problem of find-
ing coefficients that make a particular matrix posit:ve semidefinite can be
written as:

find y
such that C-£ 3" " A= 0 (1.1.4)
in the variable y € R™, with parameters C, A, € R™", for k=1, ...,m,

where X > 0 means X pocitive semidefinite. This problem is convex and is
also known as a semid=finite feasibility problem. Reasonably large instances
can be solved efficiently using the algorithms detailed in [25] or [6] for
example.

1.2 NO-ARBITRAGE CONDITIONS

In this section, we begin with an introduction on harmonic analysis on semi-
groups, which generalizes the moment conditions of the previous section to
arbitrary payoffs. We then state our main result on the equivalence between
no arbitrage in the one-period market and positivity of the price matrices
for the products in the payoff semigroup S defined in (1.1.3):

=l

S = {1,x1,...,x,,,sl(x),...,sm(x),x
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8 OPTION PRICING AND VOLATILITY MODELING

1.2.1 Harmonic analysis on semigroups

We start with a brief primer on harmonic analysis on semigroups (based
on [2] and the references therein). Unless otherwise specified, all measures
are supposed to be positive.

A function p(s) : S — R on a semigroup (S, -) is called a semicharacter
if and only if it satisfies p(st) = p(s)p(¢) for all s, # € S and p(1) = 1. The
dual of a semigroup S, that is, the set of semicharacters on S, is written S*.

Definition 1.1. A function f(s):S — R is a moment function on S if and
only if f(1) = 1 and f(s) can be represented as:

f(s)= f* p(s)du(p), forallseS (1.2.5)

where u is 2 Radon measure on S*.

When S is the semigroup defined in (1.1.51.as an enlargement of the
semigroup of monomials on R”, its dual S* is the set of applications p,(s) :
S — R such that p.(s) = s(x) for all s € S.and all x € R”. Hence, when S
is the payoff semigroup, to each pointx &'R” corresponds a semicharacter
that evaluates a payoff at that point.In this case, the condition f(1) =1 on
the price of the cash means that the ineasure w is a probability measure on
R” and the representation (1.2.5) becomes:

f(s) = fn s(x)dpu{x) =E, [s(x)], for all payoffss e S (1.2.6)

This means that when S is the semigroup defined in (1.1.3) and there is
no arbitrage, a moment function is a function that for each payoff s € S
returns its price f(s) = E,[s(x)]. Testing for no arbitrage is then equivalent
to testing for the existence of a moment function f on S that matches the
market prices in (1.1.1).

Definition 1.2. A function f(s): S — R is called positive semidefinite if and
only if for all finite families {s;} of elements of S, the matrix with coefficients
f(sis;) is positive semidefinite.

We remark that moment functions are necessarily positive semidefinite.
Here, based on results by [2], we exploit this property to derive necessary
and sufficient conditions for representation (1.2.6) to hold.
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A Moment Approach to Static Arbitrage 9

The central result in [2, Th. 2.6] states that the set of exponentially
bounded positive semidefinite functions f(s): S — R such that f(1) =1 is
a Bauer simplex whose extreme points are given by the semicharacters in
S*. Hence a function [ is positive semidefinite and exponentially bounded
if and only if it can be represented as f(s) = [;. pdu(p) with the support of
w included in some compact subset of S*. Bochner’s theorem on the Fourier
transform of positive measures and Bernstein’s corresponding theorem for
the Laplace transform are particular cases of this representation result. In
what follows, we use it to derive tractable necessary and sufficient conditions
for the function f(s) to be represented as in (1.2.6).

1.2.2 Main Result: No Arbitrage Conditions

We assume that the asset payoffs are bounded and that 'S is the payoff
semigroup defined in (1.1.3), this means that without lcss of generality, we
can assume that the payoffs s;(x) are positive. To simpiify notations here,
we define the functions e;j(x) for i =1,...,m<4w: and x € R} such that
ei(x) =xjfori =1,...,nand e, j(x) = sj(x) forj=1,...,m.

Theorem 1.3. There is no arbitrage in thz one period market and there exists
a state price measure p such that:

E.lx]=p, i=1,...,n,

E [six)] = puyjy 7=1,....,m
if and only if there exists a function f(s): S — R satisfying:

(1) f(s) is a positive semidefinite function of s € S

(i) fleis) is a positive semidefinite function of s € Sfori=1,...,n+m
(iii) (Bf(s) — Y /21" fleis)) is a positive semidefinite function of s € S
(iv) f(1)=1and fle;))=pifori=1,...,n+m

for some (large) constant B > 0, in which case we have f(s) = E,[s(x)] and
f is linear in s.

Proof. By scaling e;(x) we can assume without loss of generality that 8 = 1.
For s, u in S, we note E the shift operator such that for f(s):S — R, we

have E,(f(s)) £ f(su) and we let ¢ be the commutative algebra generated
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10 OPTION PRICING AND VOLATILITY MODELING

by the shift operators on S. The family of shift operators

n+m
T = {{Eei}i=1 ,,,,, n+m;s (I - Z Eei>} cé&
i=1

issuchthat I — T € spantt foreach T € 7 and spant = ¢, hence 7 is linearly
admissible in the sense of [3] or [23], which states that (ii) and (iii) are equiv-
alent to f being t-positive. Then, [23, Th. 2.1] means that [ is t-positive
if and only if there is a measure p such that f(s) = [, p(s)du(p), whose
support is a compact subset of the 7-positive semicharacters. This means in
particular that for a semicharacter p, € supp(u) we must have p.(e;) > 0,
fori =1,...,nhence x > 0.1If p, is a T-positive semicharacter then we must
have {x > 0 : ||x||; < 1}, hence f being t-positive is equivalea: to [ admit-
ting a representation of the form f(s) = E,[s(x)], for all s <3 with  having
a compact support in a subset of the unit simplex. Linearityof f simply fol-
lows from the linearity of semicharacters on the markétsemigroup in (1.1.3).

Let us remark that, at first sight, the payoff (triactures do not appear
explicitly in the above result so nothing apparently distinguishes the no
arbitrage problem from a generic moment vroblem. However, payoffs do
play a role through the semigroup structz:=. Suppose, for example, that s
is a straddle, with s1(x) = |x — K|, thei s1(x)> = x7 — 2Kx; + K? and by
linearity of the semicharacters p,(s}); tie function f satisfies the following
linear constraint:

fs1(x)*) = f(xf) — 2K f(x) + K*

This means in practice that algebraic relationships between payoffs translate
into linear constrainis on the function f and further restrict the arbitrage
constraints. Whew 00 such relationships exist however, the conditions in
Theorem 1.3 produce only trivial numerical bounds. We illustrate this point
further in Section 1.3.

1.2.3 Market Completeness

As we will see below, under technical conditions on the asset prices, the
moment problem is determinate and there is a one-to-one correspondence
between the price f(s) of the assets in s € S and the state price measures u,
in other words, the payoffs in S make the market complete.

Here, we suppose that there is no arbitrage in the one period market.
Theorem 1.3 shows that there is at least one measure u such that f(s) =
E,[s(x)], for all payoffs s € S. In fact, we show below that when asset payoffs
have compact support, this pricing measure is unique.
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A Moment Approach to Static Arbitrage 1

Theorem 1.4. Suppose that the asset prices x; fori = 1, ..., n have compact
support, then for each set of arbitrage free prices [ (s) there is a unique state
price measure p with compact support satisfying:

f(s)=E,[s(x)], forall payoffss €S

Proof. If there is no arbitrage and asset prices x; fori =1, ..., n have com-
pact support, then the prices f(s) =E,[s(x)], for s € S are exponentially
bounded in the sense of [2, §4.1.11] and [2, Th. 6.1.5] shows that the mea-
sure u associated to the market prices f(s) is unique.

This result shows that the securities in S make the market complete in
the compact case.

1.2.4 Implementation

The conditions in Theorem 1.3 involve testing ti:¢-positivity of infinitely
large matrices and are of course not directly impizmentable. In practice, we
can get a reduced set of conditions by only considering elements of S up to
a certain (even) degree 2d:

Sdé{l,x1,...,x,,,51(x),...,sm(x),xlz,...,xis,(x),...,

2 s (1.2.7)

Sm(x)
We look for a moment fuaction [ satisfying conditions (i) through (iv) in
Theorem 1.3 for all-elernents s in the reduced semigroup Sy. Conditions
(i) through (iii). now-amount to testing the positivity of matrices of size
N; = ("t:_”;z‘j) orless. Condition (i) for example is written:

1 p1 o Dmen f(xF) f(sm(x)%
2} f(x}) o fasm(x) fo(x]) f<x1sm(x)¥)
Prmtn f (x18m(x)) -0
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12 OPTION PRICING AND VOLATILITY MODELING

because the market price conditions in (1.1.1) impose f(x;) = p; for i =
1,...,n and f(s;(x)) = puyj for j =1,...,m. Condition (ii) stating that
f(x1s) be a positive semidefinite function of s is then written as:

p1 f(x)  flax) - f(xlsm(x)%il)
f(x7) f(x)  f(xin)
f (x12) f(xix2) [ (xfx3) >0
f (msnlx) ¥ 1) o [ (dsn0N?)

and the remaining linear matrix inequalities in conditions (ii) and (iii) are
handled in a similar way. These conditions are a finite subset of the full
conditions in Theorem 1.3 and form a set of linear matsix inequalities in
the values of f(s) (see Section 1.1.3). The exponential growth of N; with
n and m means that only small problem instances Cav be solved using cur-
rent numerical software. This is partly because'most interior point-based
semidefinite programming solvers are designed-for small or medium scale
problems with high precision requiremente. iiere instead, we need to solve
large problems which don’t require man cigits of precision. Finally, as we
will see in Section 1.3 on spread ortivss, for common derivative payoffs
the semigroup structure in (1.2.7) can considerably reduce the size of these
problems.

1.2.5 Hedging Portfolios and Sums of Squares

We write A(S) the a'gebra of polynomials on the payoff semigroup S defined
in (1.1.3). We lectiere ¥ C A(S) be the set of polynomials that are sums
of squares of polynomials in A(S), and P the set of positive semidefinite
functions on S. In this section, we will see that the relaxations detailed
in the previous section essentially substitute to the conic duality between
probability measures and positive portfolios:

plx) >0 & / p(x)dv > 0, for all probability measures v,

the conic duality between positive semidefinite functions and sums of squares
polynomials:

(L,py=0forall pe T < feP. (1.2.8)
having defined (f, p) =", qi f(si) for p=3",qixs, € A(S) and f:S - R
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A Moment Approach to Static Arbitrage 13

(see [2]). While the set of nonnegative portfolios is intractable, the set of
portfolios that are sums of squares of payoffs in S (hence nonnegative) can
be represented using linear matrix inequalities. The previous section used
positive semidefinite functions to characterize viable price sets, here we use
sums of squares polynomials to characterize super/subreplicating portfolios.
Let us start from the following subreplication problem:

minimize E, [s1(x)]
subject to E uxl=pi i=1,....n, (1.2.9)
[S,(X] pn+]7 /=2,...,m

in the variable . Theorem 1.3 shows that this is equivalent to the following
problem:
minimize [(s(x )
subjectto f(s) €
(
(

fx,) i=1,...,n,

f(sis) € nz=2,...,m, ' (1.2.10)
(ﬁf(s) - Zl.:l flas) = 300 f(s,-s)) P

fi)y=1, flx;)=pi, 0 =1,...,n,

f( ) Dn+is =2z , m

which is a semidefinite prograﬁ in the variables f(s):S — R. Using the
conic duality in (1.2.8) andihe fact that:

(f(sq), p) = (f(s), qp),

for any p, g € A{S). We can form the Lagrangian:

n

L(f(s), .q) = fls1(x) = (f(s), q0) = D_{fls), xiqi)

i=1

- Z( ), Siqnti) Z)\
i=2

= D Ml fsi) = pi) = Aol f(1) = 1) = (BF(S), Guimsn)
i=2

+ D (F(S) XiGuimen) + D _(F(s), Siurmir)

i=1 i=2
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14 OPTION PRICING AND VOLATILITY MODELING

where the polynomials g; € ¥ are sums of squares. We then get the dual as:

n m
maximize Ag + Z riDi + Z Ai D

i=1 i=2

n m n m
subject to  s1(x) — Ao —Zkix,' —Z)»isi(x) =qo + Z Xiqi + ZSi(X)CIn-H
i=1 i=2 i=1 i=2
+<ﬂ—2x,-—2s,-<x>> G (1.2.11)
i=1 i=2

inthe variables A € R"* andgq; € £,i =0, ..., n+m+ 1.We¢can compare
this last program to the classic portfolio subreplication pioblem:

n m
maximize Ag + Z Aipi + Z Ai Dt
i=1 i—2

subject to  s1(x) — Ao — Z Aix; — z: Lisi(x) =0, forall x e R}
i=1 =)

in the variable A € R""™ whichis numerically intractable except in certain
particular cases (see [4], [1@1.or [11]). The key difference between this pro-
gram and (1.2.11) is that the (intractable) portfolio positivity constraint is
replaced by the tractab!e.condition that this portfolio be written as a combi-
nation of sums of =quares of polynomials in A(S), which can be constructed
directly as the dual'solution of the semidefinite program in (1.2.10).

1.2.6 Multi-Period Models

Suppose now that the products have multiple maturities T, ..., T;. We
know from [15] and [16] that the absence of arbitrage in this dynamic
market is equivalent to the existence of a martingale measure on the as-
sets X1, ..., X,. Theorem 1.3 gives conditions for the existence of marginal
state price measures u; at each maturity T; and we need conditions guaran-
teeing the existence of a martingale measure whose marginals match these
distributions w; at each maturity date T;. A partial answer is given by the
following majorization result, which can be traced to Blackwell, Stein, Sher-
man, Cartier, Meyer, and Strassen.
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A Moment Approach to Static Arbitrage 15

Theorem 1.5. If w and v are any two probability measures on a finite
set A={ay,...,an} in RN such that E,[¢] > E,[@] for every continuous
concave function ¢ defined on the convex hull of A, then there is a martingale
transition matrix Q such that uQ = v.

Finding tractable conditions for the existence of a martingale measure
with given marginals, outside of the particular case of vanilla European
call options considered in [11] or for the density families discussed in [22],
remains however an open problem.

1.3 EXAMPLE

To illustrate the results of section 1.2, we explicitly treat the case of a
one period market with two assets x;, x, with positive, bounded payoff
at maturity and price pi, p today. European cal' cptions with payoff
(x — K;)T for i =1, 2, are also traded on each ass:t with prices p; and
pa. We are interested in computing bounds on/thz price of a spread option
with payoff (x; — x, — K)" given the prices <! the forwards and calls.

We first notice that the complexity ot the problem can be reduced by
considering straddle options with payetts jx; — K;| instead of calls. Because
a straddle can be expressed as a comuir.ation of calls, forwards, and cash:

% — Ki| ==(K; — x;) + 2(2; — K;)*

The advantage of using'siraddles is that the square of a straddle is a poly-
nomial in the payoffs-x;, .1 = 1,2, so using straddles instead of calls very
significantly reduces tise number of elements in the semigroup S; because
various payoff povrérs are linearly dependent: when k option prices are
given on 2 assets, this number is (k + 1)(2+22d), instead of (22’1?‘1). The
payoff semigroup S, is now:

2d
Sa = {1, x1, %2, |21 — Kil, |2 — Kz, |x1 — 20 — K|, ..., x1|x1 — Ky, ..., x5}

By sampling the conditions in Theorem 1.3 on Sy as in section 1.2.4, we can
compute a lower bound on the minimum (respectively, an upper bound on
the maximum) price for the spread option compatible with the absence of
arbitrage. This means that we get an upper bound on the solution of:

maximize E,[|x; —x — K]]
subject to E,[|x; — Ki|] = piy2
Elx]=p;, i=12



P1: a/b
c01

P2: ¢/d QC: el/f Tl: g

JWBK302-Cont August 22,2008 7:39 Printer: Yet to come

16 OPTION PRICING AND VOLATILITY MODELING

by solving the following program:

maximize f(|x; — 2 — K|)

1 plz - f (xg)
subject to p:1 f (xl) . : >0
f (=) - f ()

(1.3.12)
where

blx)=p—x1 —x —|x1 — Ki| — |62~ Ka| — |x1 — x2 — K]

is coming from condition (iii) in Theorem 1.3. This is a semidefinite pro-
gram (see Section 1.1.3) in the valuez of f(s) for s € Sy. This is a large-
scale, structured semidefinite program which could, in theory, be solved
efficiently using numerical packages for semialgebraic optimization such as
SOSTOOLS by [26] or GL.OVTIPOLY by [17]. In practice however, problem
size and conditioning issues still make problems such as (1.3.12) numerically
hard. This is partly.due to the fact that these packages do not explicitly ex-
ploit the group-stinicture of the problems derived here to reduce numerical
complexity. Overall, solving the large-scale semidefinite programs arising in
semialgebraic optimization remains an open issue.

1.4 CONGLUSION

We have derived tractable necessary and sufficient conditions for the ab-
sence of static or buy-and-hold arbitrage opportunities in a perfectly liquid,
one-period market and formulated the positivity of Arrow-Debreu prices as
a generalized moment problem to show that this no-arbitrage condition is
equivalent to the positive semidefiniteness of matrices formed by the mar-
ket prices of tradeable securities and their products. By interpreting the
no-arbitrage conditions as a moment problem, we have derived equivalent
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conditions directly written on the price of tradeable assets instead of state
prices. This also shows how allowing trading in the products of market
payoffs completes the static market.
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